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Formula

rurions

N, =2 1=a)1-7), N, = (1+2)1-n)
N3=i(1+8)(1+7]), N4=%(1—8)(1+7])

x=Nx +N,x,+N,x;+N,x,

y=Ny +N,y, TN; Vs + Ny,
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TUTions

19-Nov-20

Jacobian Matrix

o oy

o 0& - .
J|= Juo I
M e 7 J

_877 877_ |~ 21 22 |

Ty =7 [HA=m =, + (= A+,

1

Ji :Z[—(l—ﬂ)yl +(1=m)y, + A+ )y —1+n)y,]

J,, = %[—(1 —&)x, —(1+&)x, +(1+&)x, +(1—&)x, |

7, :i[—(l—e)yl At ey, + A+ ey + (18]
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Strain displacement Matrix: TUIISTS

- s 0 o1 &m0 =m0 emp 0 Alxp) 0

1| = . 1|—(1-¢) 0 —(l+&) 0 (+&) 0 (-9 0

|Bl=—~| 0 0 —J, J, [x>
L e e G /) R B e
-0 Sl 0 (1-e) 0 —(+g) 0 (A+p) O (1-¢)
Stress Strain Relationship Matrix: Stiffness Matrix:. _
For Plane stress condition: For Isoparametric Quadrilateral Element:
N ] T

oo [K]=1||[B] [D][B]oxey
[D] = l 2 }/ l 0

- 0o o =7 For Natural Co-ordinates

2 S
For Plane Strain condition: I I [B ] [D ] [B ] X IJ| x0g x0n
B 7 ~1-1
(1-7) y 0 [B] == Strain Displacement matrix
[ D] — £ y (1-7) 0 [D] = Stress — Strain Relationship matrix
(1+7)1-27) 0 ) (1-27) |/| === Determinant of the Jacobian matrix
i 2 ] £, =—> Natural Co — Ordinates
E-Young’s Modulus N/mm* t =3 Thickness of the element - mm
y - Poisson’s ratio _ ,
A =2 Area of the triangular element - mm-
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~ ) A four noded rectangular element is shown in Fig. Determine the following:
TUTIoNsS
L. Jacobian matrix; 2. Strain-Displacement matrix; 3. Element stresses.
Y
A
(0, 1) (2, 1)

1 2
r—————————— » X
(0, 0) (2, 0)

Take E = 2x10° N'mmd; v=0.25; u=[0, 0, 0.003, 0.004, 0.006, 0.004, 0, O]7
g =0 n=0
Assume plane stress condition.
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Y
. : A
Cartesian co-ordinates of point 1, 2, 3 and 4 TUTIONS
x; =0 yy, =0
! A | N X4 ¥4 X3 Y3
%= ¥p=0 (0, 1) (2, 1)
X3 = 4 y3 =1 .4 - 37
x4 =0 ys=1
Young’s modulus, E = 2 x 10° N/m?
Poisson’sratio, v = 0.25 1 5
-0 - - :
0 X1 Y1 X2'Y2
0.003 (0. 0) (2. 0)
Displacements, u = < ggg:
0.004
0
S

Natural co-ordinates, ¢ = 0, n=0

To find: 1. Jacobian matrix, J.
2. Strain-Displacement matrix, [B].
3. Element stress, o.
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Jiy

— ) Jacobian matrix for quadrilateral element is given by, — [J ] — |1
W]I-1ere, _‘]21 ‘]22_

—(1=n)% +1X=n)%, +(1+n)X, —(1+n)X,

Jio =5 [~ (=) Y+ (1= 1) Y + (L 1) Y — (L) | e

x =4 =0

)
J=>[—(1—e)x —(1+e)%, +(1+e)x+(1—e)x,| 225 72

y3=1
14 #4270 yg=]
J22:4[ (1—e)y,—(1+e)y, +(1+e)y, +(1—¢) V.| _
Natural co-ordinates, € = 0, n=0
Substitute X, X,, X5, X,, Vi, ¥, Va: Ya,€@nd mvalues In equauun. 3 3., nle'
1 1 : = |J|=
:>311:Z[0+2+2_o] :>J21:Z[O—2 F2+0 '1’J21o .
‘J11 —1 3211 —0 Jacobianmatrix,|J | = o 05
=3, =5[040+1-1] 7= =g[0-0+11 ;“3_2152'5_0
J,=0 J,, =0.5 J|=0
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We know that, strain-Displacement matrix for quadrilateral element is,
o0 o —(1-n) 0 (1-n) 0 (Q4n) 0 —(1+n)
1] = . 1]-(1-¢) 0 —(1+e) 0 (14+¢) 0 (1—¢) 0
[B]:_ 0 0 _‘]21 ‘]11 X—
N I (i-n) 0 (+m) 0  —(1+4n)
S 0 —1-¢) 0 —(14eg) 0 (14+e) O (1-¢)
Substitude J,, J,,,0,,, 35| 3], 7, values, J,, =1 J;, =0 J,, =0 J,, =05
_ - -1 0 1 0 1 0 -1 0 — —
05 0 0 0 e=0,n=0
1 11-1 0 1 0 1 0 1 O
[B]:— 0 0 0 1|x=
0.5 410 -1 0 1 01 0 -1
0 1 05 0
- |0 -1 0 -101 0 1]
. —0.5 0 05 0 05 0 -05 0
— 0 -1 0 -1 O 1 0 1
0.5x4
-1 05 -1 05 1 05 1 —0.5
05'—101010—10' 1 0 1 0 10 -1 0
=55.a] 0 2 0 202 0 2 B]=025{0 -2 0 -2 02 0 2
bHx4
-2 -1 -2 1 21 2 -1 2 -1 -2 1 21 2 -1
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>~ We know that. Element stress,o=[D][B]{u}
" For plane stress condition, 1 0
Stress-strain relationship matrix, D] E ;L 0
0 0 —_H
poqgs | L 0B 0 | 2
Dj=—""—_025 1 0
1—(0.25) 1095
0 0 ; 4 1
o D] =213.33x10° x0.25|1 4
1 0.25 0 0 0
'D|=213.33x10°(0.25 1 0 41 0
0 0 03] 1pj—53333x10°|11 4 0
00 15
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: : i 0
Substitute| D|,|B|,and {u} values in equation | | ! =
UTIONS
_ - -10.003
4 1 0 -1 0 1 0 1 0 -1 O
3 0.004
= {0}=53333x10°]1 4 0|x0250 -2 0 -2 02 0 2|} '
0 0 15 -2 -1 -2 1 21 2 -1|_
b "0 1 |0.004
0 0
_ o.003] L O
4 2 4 2 4 2 4 2
3 0.004
{0}=53333x10°x025-1 8 1 -8 1 8 -1 8 i
-3 -15 -3 15 3 15 3 -15|
' *10.004
0
0

" 040+ (4%0.003) +(—2x0.004) 4 (4x0.006) 4 (2x0.004)+-0+0
—=13.333x10°{ 0+0+(1x0.003)+(—8x0.004)+ (1x 0.006)+ (8% 0.004)+0+0
0+0-+(—3x0.003)+(1.5x0.004)+(3x0.006)+(1.5x0.004)+0+0
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0.036
{a} —13.333x10°70.009}

TUTions

0.021 480
T {J}:<1ZO>%2
Result \280J
. _ 1 0
1. Jacobian matrix, [J|=
0 05

-1 0 1 0 1 0 -1 O
2. strain— Displacement matrix, [B|=025/0 2 0 -2 0 2 O
2 -1 -2 1 21 2

480
3. Stress, {o}=1120} %2
280
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Thank you
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