SNS COLLEGE OF TECHNOLOGY
Differential Equations And Transforms
VECTOR CALCULUS

PART A

1. If ¢=x2+y2+22,ﬁnd ve at (1,1,-1)

Given, ¢=x2+y2+z2 -mmmmmmmmmmmmmeeee- (I)
There fore ve=i2.j%, g% —eee- (i)
ox oy oz
H op - @_ .@_ ______________
From (i), R TR s (iii)

Sub (i) in (i), we get
Vo =i(2x)+j(2y) +K(22)
There fore, (v§)uus_1y=2+2-2k

2. Find grad ', where r=‘|7‘ and r=xi+yj+zk
Given, r=xi+yj+zk

F‘=r=\/x2+y2+22

Diff (i) partially w.r.t ‘x’
2rg= 2X
Ox
or X
ox r
—Yand or z

or
— =3 =
oy r oz r
s.gradr" =vr"
-0 ,n
=) i—(r
Z6x( )
+0 n or
=) i—(r').—
Z:iix( )6x

- 1 X
=inr12
.

=inr"2x

=n.r"2 [XT+ yj+ ZE]
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3. Find the unit vector normal to the surface x?+y?-z=10 at (1,1,1).

Given d=x’+y?>—z=10
V¢=Ta¢ 309 90

ox "oy 0z

=2Xi + Zy]— K
S (V®)at1,1,1) = 2i+2j-k
Vol =v4+4+1=\/9=3

Unit normal vector ﬁ=%= 2”?"‘

4. Find the directional derivative of ¢=xy+yz+x at the point (1,2,3) in
the direction 3i+4j+5k.

GIVEN, ¢=xy+yz+xz ==—==============mmmmmm- (i)
] R P U —— (ii)
Directional derivative = (v¢)a --------- (A)

v¢=72%+j%+i%
From (i), %=Y+Z;%=x+z ;Z—i’=y+x

~Vo=(y+ z)T+ (x+ z)]+ (y+ X)E
< (V)at(1,2,3) = 51 + 4] + 3K

From (ii), we have
n _ 31 +4j + 5k

ﬁzﬂ_ o T (IV)

Sub (iii) and (iv) in (A), we get

3i+4)+5K
J50

_15+16+15 _ 46

J25x2 52

Directional derivative = (v¢).n=(5i +4j+3K).
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5. In what direction from the point (1,-1,-2) is the directional derivative
of ¢=x%532 amaximum? What is the magnitude of this maximum?

Given, ¢=x3%3:3

V¢=T@+]@+E@

ox "oy o0z

From (i), 20_3x2y3,3:98 _3,3,2,3: 9 533,
(), ox X7y z ' By X7y"z ' %2 X7y z

~Vé= 3x2y3z3T+ 3x3y223]+ 3x3y322E

< (V)at(1,2,3) = 241 - 24] - 12k

There fore the directional derivative is maximum in the direction
24i - 24j—12K .

Magnitude of this maximum is |vg|

— (242 + (24)% + (-12)2
= J1296 = 36

6. Find the angle between the normal to the surface xy=z2 at the
points (1,4,2) and (-3,-3,3).
Let ¢=xy-7?
V¢=yT+ x]—ZZK
Normal to the surface is v,» and v,
V10 = (V)ar(r,4,2) = 41+ - 4K
Vb = (Vé)ar(-3,-3,3) = —31 — 3] - 6K
2T @:\Vztﬂ =54
There fore angle between the normal to the surface is,
cosp = Va)(V20) _ (4i+])-4k).(-3i - 3j - 6k)

V19l[Vo0| /33,54
.9 .9 _ 1
1782 922 22
0= cos_1 [\/;_2}
1.

If ¢ is ascalar point function, then prove that curl (gradg )=0.
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¢ =09  0d
grade= i +J6y+kaz

curl grade = v X [Ta‘hja%ﬁﬂ
ox oy 0z

| Qo =i

R R[> -

x

%% o%0 9% oK % %
Z ayaz J 0X0z 0xoz oxoy oxoy

< 202 2o —

I
—
1
(o)
> N

oy

8. If A is aconstant vector, prove that div A =0.
Let K = AlT+A2]+A3E
Where a,,A, Azare constants
- diva=v.A
0 =0 0
- [6 J5 +Kk ](A1|+A21+A3k)

= 21,%2, %5 =0+0+0
OX oy

diva= 0
9. If A isaconstant vector, prove that curla =0.
Let A = Aji+Aj+AgK
Where a,,A,,Azare constants

ij Kk
curla =yxa=12 9 9
ox oy oz
AL Ay Az
= 3| 9A3_0Ay| 5| 0A3 OA1| |0Ay OAL
oy 0z oX oz oX oy
=  i(0-0)-j(0-0)+Kk(0-0)
curla = 0

10. Determine f(r) so that the vector f(r)r is solenoidal.
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Since  r=xi+yj+zk
f(r) = xt@i+yf(r)j+2f(nk
; _ 0 3 3
div [f(r)] _&[Xf(r)]'i'g[yf(l’)]+a—z[zf(r)]

=f(r)+ xf'(r)g+ yf'(r)g+f(r) +f(r)+ zf'(r)%

or or or
=3f(N)+f' (N X—+y—+2z2—
(n+ ()[ eyt 62}

= 3f(r)+f'(r)[x7+ yX+ z—}

=3f(r)+ ()[x +y +22]
=3f(r)+rf'(r)
Since f(r)r is solenoidal, div[f(r)r]=0
ie., sfn)+ri(r) =0

fin_-3
f(r) r
Integrating w.r.t r, we get
logf(r) = -3logr+ logc
log f(r) = log o3
f(r) = 3
—_ C
i = ¢
11.Find the value of ‘a’ so that the vector, F=(x+3y)i+(y—-22)j+(x+az)k IS
Solenoidal.
Given Fis solenoidal.
dive =0
e., v.F=0
( +j—+k z) (x+3y)|+(y 22)J+(x+az)k:| =0
|e., —(x+3y)+—(y 22)+—(x+az) 0=>1+1+a=0=>a=-2

ay
12.Show that the vector axyi+x2?+2y2)j+(y2+1k IS irrotational.

Let F=oxyi+Z+2y2)j+(y2+1)K
A vector £ issaid to beirrotational if vxE =0
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H i K
Now, vxg= |2 2 9
oX oy oz

2xy (x2 +2yz) (y2 +1)

H 6(y2 +1) a a(x2 +2yz) 3 6(y2 +1) a o(2xy) +K a(x2 +2yz) _ o(2xy)
oy 0z ! OX 0z OX oy

= i(2y—2y)—j(0-0)+k(2x—2x)
vXF=0

13.Show that the vector F=a3y*:2i+4x322j-3x%y?k IS solenoidal.

We know that, if £ is solenoidal, we have
divE = vF

= (7945242 .[3y4227+4x322]—3x2y2E]
ox oy 0z

= %(3y422)+%(4x322)+6%(—3x2y2)
= 0+0+0
~divf = 0
Hence E is solenoidal.

14.Define the line integral.
Let £ be a vector field in space and let AB be a curve

described in the sense A to B. Divide the curve AB into n elements

Let F.F, F, be the values of this vector at the junction points

of the vectors dr dr,.......... dr, , then the sum
B B . ; .
lim >"F,dr, = [Far  is called the line integral.
n— A A

If the line integral is along the curve c then it is denoted by
[Far or (fFar if c isaclosed curve.
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15. Evaluate [Far along the curve cin xy plane, y=x® from the
C

point (1,1) to (2,8) If F=(sxy—6x3)i+(2y—4x)j .

Given E=Gxy-6)i+@y—4x]j , y=x3
Now, r=xi+yj, dr=dxi+dyj
Here y=x3; dy=3x%x

«[Fdr=| [(5xy —6x2)i+ (2y — 4x)]].[dx7+ dyj]
c c
= I[(Sxy - 6x2)dx +(2y - 4x)dy}
C
= I[(Sx(xg) - 6x2)dx + [(2x3 - 4x)3x2de
C

= I(5x4 —6x2 +6x° — 12x3)dx
c

= X283 +x8 -3t

There fore [Far from the point (1,1) to (2,8)

2
ie., {ﬁd?:[x5—2x3+x6—3x4]f =35

16. Define surface integral.
An integral which is evaluated over a surface is called a

surface integral.
n . -
-~ lim 3 F(xi,yi.zj)hias; 1S Known as the surface integral.

n—>ooi=l

17. Find (fras, where s is the surface of the tetrahedron whose

vertices are (0,0,0), (1,0,0), (0,1,0), (0,0,1).
By Gauss divergence theorem,

J'SJ'F.BE = j\j/j(v.?)dv
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- = -0 =20 =0 S [ —
vr = (Iz’ﬁ)(+]6y+kazj'|:)(|+yj+2k:|_ 1+1+1 =3

~ffrds = [[faav =3V
18. If F=curA, prove [[Fads=0, for any closed surface S.
By Gauss divergence theorem,
F.nds=[[[v.Fav = [[[div(E)w
JJF o= ] Fov- ]
- mdav(cunzmv:o [since div(curl A)=0]

19. Define Volume integral.
An integral which can be evaluated over a volume closed by a
surface is called a volume integral. Volume integral can be evaluated
by triple integration.

ie.,jﬂ f(x,y,z)dv
20. State Gauss Divergence theorem.

If ¥ is a vector point function, finite and differentiable in a region
r bounded by a closed surface S, then the surface integral of the

normal component of F taken over S is equal to the integral of
divergence of F taken over V.

ie., HE.ﬁds=” v.Fdv Where n is the unit vector in the positive
S \%

normal to S.
21. Evaluate H?.Gds, where S is a Closed surface .
S

By Gauss Divergence theorem , we have

- A -
Ljr.nds:j\! V.radv
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m[._+ P2k |xTey ek
I
J‘\‘!‘J‘(1+1+1)dv 3]JIdv=3V

22.. Prove that ”¢.ﬁds=m'v.2dv
S \

By Gauss Divergence theorem , we have _[_[E.ﬁds,:_[_[ V.Fdv
S \%

-

Let F =¢? where ¢ is a constant vector. Then ,

”Z:.ﬁds=ﬂjv.(¢g)dv
S \%
J‘j’ (4 n)ds = _[ _[ _[ ¢ (Vo)
S \%
Taking ¢ outside the integrals , we get
g.ﬂ;.ﬁds=gﬂj‘v¢dv
S \Y
[[ 5= [
S \%

23. Evaluate j‘ I xdydz + ydzdx + zdxdy Over the region of radius a.
S

J] xdydz + ydzdx + zdxdy = I \-/" I [6;;() + 6;;/) + afg;)}dxdydz
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=_U_|'(1+1+1)dxdydz
- SIJIdv= 3y
= 3|:%7za3i| =47’

24. State Green’s theorem in the plane
If R is a closed region of the xy-plane bounded by a simple closed
curve C and if M and N are continuous derivatives in R, then

M+ Nty = H[ﬂ—@ xdy where C is travelled in the

anti-clockwise direction.

25. Using Green’s theorem, prove that the area enclosed by a simple
closed curve C

1
is > _[ (xdy— ydx)dxdy .
Consider By Green’s theorem,

Ide+Ndy H(G—N—a—M ............ (1)

i 2 _ N XY=l Ygx X
Consider Zj(xdy ydx )dxdy _[Edy 7 ox j Jax+ 2.y

[since, m=-
From (1), I'%d”gdy:g[%'(' %ﬂdXdy

- I j dxdy=Area bounded by a closed curve ‘C’
R

N <
1l
N | x
e

26. State Stoke’s theorem.

If F isany continuous differentiable vector function and S is a

surface enclosed by a curve C then, [F.dr = [fcuriF .nds where n is the
C S

unit normal vector at any point of S.

SNSCT-DEPT OF MATHEMATICS Page 10

BT rIrarrichis
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27.Using Stoke’s theorem, prove that [rdr-o .
c
Given, IF.dF where r=xi+yj+zk
C

~[rdr=[feurira ds [ by Stoke’s theorem|]
C S

=0 -+ curlr = Vxr =

< Q| —
N Qo
Il
o

H
9
OX

X
28. Find the constants a,b,c so that, F=(x+2y+az)i+bx—3y-2)j+@x+cy+22)k IS

irrotational.

Given vxE=o0

i

0

ox oz
X+2y+az bx-3y-z 4x+cy+2z

» X

ie.,

@‘m —

9
oy

—] i(4x+cy+ 22) —2(x+ 2y +az)
Ox oz

=i

1

(4x+cy + 22)—6%(bx— 3y - z)}

- 8 0
+k[6x(bx_3y—z)—ay(x+2y+az)]=0

= i[c+1] - j[4—a]+K[b—2]=0i + 0j + 0Ok

- Cc+1=0 4-a=0 b-2=0

29. If F=x%i+x?], evaluate the line integral [Far from (0,0) to (1,1)

along the pathy =x.
Given F=x%i+x?% , X= Yy
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dx =dy
r=xi+yj
dr =dxi +dyj
T Ar_ 2 24, _2 3 ey _
F.dr = x“dx + xy“dy = x“dx + x~dx [ x=y,dx=dy]

= (x2 + x3)dx

1
J'E.dF = J'(x2+x3)dx =7
. 0 12

30. What is the greatest rate of increase of ¢=x2? at (1,0,3).
Given ¢=xyz?
V¢=T@ -0 -0

+j—+k—
ox oy 0z

= lyz?) +j(e®) +k(2xy2)
(V)a,0,3) = 1(y2?) +](x2®) + K(2xyz)

The greatest rate of increase = |v¢/=+81=9 UNIts

31. Using Green’s theorem , find the area of a circle of radius r.

We know by Green’s theorem,
-1
Area = E{(Xdy—ydx)

For acircle of radius r, we have x2+y2=r2
Put X=rcos0,y =rsin@

dx =—rcos6d@,dy = rsin6do [ e varies from O to Zn]

2n
Area =% I [rcosOrcosO —rsin@(—rsin 0)]do
0

2n
=E£r de = =5r (6],

Area = m? sq.units.

32. If vg is solenoidal find v3.
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Given r=xi+yj+zk IS solenoidal.
~V.V$=0
But v% = vwvé=0

33. If ?=[XT+ yTHEJ, find vxr

Given ?:(x_i)+ y_j)+ ZT()]
- - - -
=i(0-0)+ j(0-0)+k(0-0)=0

34. Define Volume integral.
An integral which can be evaluated over a volume closed by a

surface is called a volume integral. Volume integral can be evaluated
by triple integration. Ie.,_[_[ £(x, y,2)dv

35. State Gauss Divergence theorem.

If ¥ is a vector point function, finite and differentiable in a region
r bounded by a closed surface S, then the surface integral of the

normal component of F taken over S is equal to the integral of

divergence of F taken over V.
ie., HE.Gds:” v.Fdv Where n is the unit vector in the positive
S \%

normal to S.
36.Evaluate ”?.ﬁds, where S is a Closed surface .
S

By Gauss Divergence theorem , we have

N -
J;Ir.nds=IJ V.rdv
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m[._+ P2k |xTey ek
I
J‘\‘!‘J‘(1+1+1)dv 3]JIdv=3V

37. Prove that ”¢.ﬁds =IHV.ZdV By Gauss Divergence theorem , we have
S \%

- A -
LjF.nds:jJ V.FdV

-

Let F =¢? where ¢ is a constant vector. Then ,

J‘J‘Z?.ﬁds:jﬂ‘v.(ﬁ)dv
S \%
j I (4 n)ds= _[_[_[ . (Ve)dv
S \

Taking ¢ outside the integrals , we get

?.ij.ﬁds:?j'j V ddv
S \%

HZG@:” Vgdv

S \%

38. Evaluate I _[ xdydz + ydzdx + zdxdy Over the region of radius a.
S

ﬂ xdydz + ydzdx + zdxdy = Ijj[a(x) o) 6(2)}dxdydz
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=_U_|'(1+1+1)dxdydz
- SIJIdv= 3y
= 3|:%7zasi| =47’

39. State Green’s theorem in the plane

If Ris aclosed region of the xy-plane bounded by a simple closed
curve C and if M and N are continuous derivatives in R, then

M+ Nty = H[ﬂ—@ xdy where C is travelled in the anti-

clockwise direction.

40. Using Green’s theorem , prove that the area enclosed by a simple
closed curve C

is % _[ (xdy— ydx)dxdy .

consider By Green’s theorem,

jde+Ndy Ij[aN M Xy eeeeeeeenen (1)
XY ax == Yax+ X
Consider —J‘(xdy—ydx)dxdy—J‘Edy ZdX—I de+2dy
Y..n2X
[since, m=- 53N 2]

From (1), I_de * EdyzLI[%_(_ %ﬂdXdy

= j I dxdy=Area bounded by a closed curve ‘C’
R

41. State Stoke’s theorem.
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If £ isany continuous differentiable vector function and S'is a

surface enclosed by a curve C then, jE.d?:”cunE.ﬁds where n is the
C S

unit normal vector at any point of S.

42. If F= (yzcosx+22)T+ (2ysinx—4)_j)+ 3x22 K find its scalar potential.

To find gsuch that F = gradg

(y?cosx + 22)T+ (2ysin x —4)_j)+ 3x2% K = T%+T%+E%
oX oy oz
Integrating the equations partially w.r.to x,y,z respectively.
¢ =y’sinx+ x>+ f,(y,2)
¢=y’sinx—4y+ f,(x,2)
¢ =2 x2>+ f5(y,z

Therefore ¢=y?sinx+xz®-4y+cis a scalar potential.
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