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LIFIITYTIONS

UNIT 3- DIFFERENTIAL CALCULUS Circle of Curvature

Circle of Curvature:

The circle of curvature of a curve Y = f (X at a point P(X ¥) with the centre of curvature,

C(X'Y) and radius curvature P is
X=X +(y-y)’=p?

1. Find the circle of curvature of the curve x3 + y3 = 3axy at the

3a 3a
point (-, )
Soln :
Given x3 + y3 = 3axy (1)
Differentiating (1) w.r.to. ‘x’, we get
dy dy
3x2+3y? _=3a[x__+Yy]
dx dx
dy ay—x?
= a = —yz —ax (2)
dy
= 3a3
y1= (g, 23
3a 9a? 3a? 9a?
=22 4 2 4
9> _ 3a 9a’_ 3
7z %2 Tz 2
=-1

yi=-1
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2 (y? — ax) (ady— 2x) — (ay — x?) (2yd¥—a)
From (2), dy — dx dx
dx?

(y?2 — ax)?

d?y
Y2 = ('d'X'g) 3a 3a
(2 '2)
9a2 3q2 6a 3a2 9a? 6a
_ g =) )= (G )= 7D
Ja oa”
(4 — 2)
(—4a) — 4a
" 9aZz  3a?

—-32
3a

y2

-~ Radius of curvature

~ The centre of curvature
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2
NI 5 FEVA
LY )

3a _ (D@3, - 22
—-32 16

= The required circle of curvature is

21a 2 2la?  3VZxa :
(x—ﬁ) +(y—?) Z(T)
21a 432a?
ie., (x2+y2)——(x+y)+ 55~ 0
(aa)

2. Find the circle of curvature of the curve vx+4/y =+a at the point ( 4 ZFJ

Soln:

Givencurve: VX+y=va (1)

a a
P£_, _)
Point: 4 4

Centre of curvature C (X, %),

X=X —y1|(1—+YL\
LY )

y = y+(l_+L
Y )
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From (1),
\/;+\/§ =Ja = Differentiate w.r.to. X

Ay,
adx(&w)— dX(f)

ix_l/7+1_ l7dy=0
2 2 dx
3%: X_l Z_K
dx y% xy2
aa dy
P( , ) Yo
at 44), dx
Yi=1
d’y d |(d)’\|
Y =
dx  dxldx)
A
_d|- 7|
x| % )
Ly Y Doy ek
= N7 \ )
X |
L ]
|_ -12dy _1 —12-|
sy Av_y/X/~
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:
‘2 a) dzy:—1|(1)(—1)—(1)]
P& —= T{—a

At l\4 4) dx

Consider Y2 a
x=2_(- fa)_a, a_3a

~ 4 2 4 2 4
L)
_a a_3a

=_+ ="
Y 4 2 4

We know that
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a2
2

a2
P=73
From (2), we have

(, 3y (., 32 ( al)

X +y-

L 4) U 4) (N2),

. . 2
3. Find the equation of the circle of curvature at (C, €) on Xy =C".
Soln:

Given curve: Xy =C° > (1)

Point: P(c, ©)
Centre of curvature C (X, ¥),

( 2
x=x—yl 1YL \
LY )
f1+yzw dy d2y
yEy+l

\ Y2 ) where yl:dX; yz:dxz_

From (1),
xy = c?
d
4 ()= (¢*)
dx dx
xd_y+ y(1)=0
dx
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:}d_y = __y
dx X
dy _-c¢__4
At P(c,c), dx ¢
yi=-1
d?y d [dy
2= ( \
dx  dx\dx)
_d(-y)
_|\_|)
d
-y y(l)]
| |
5 d? y Te(=1)-(c) |
At P(c, ©), e |
_2c
2
2
y =
2 C
C1+(-12 2
wy; T 5 T=¢
Consider Y2 C c

X=c—(-1) (c)=2c

y=Cc+C=2C
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We know that
(1+ y2)32
_ 1 /
p=
Y2
1+ (-1)2)? c
-@¥x "
p Z 2
at P(c, c), c
=2 \/;x gz
= C\/E
b —cy?

-+ (2) becomes

(x—2¢)’ +(y - 2c)’ =(c \/2_)2 .
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