Deflection of Cantilevers
e — ]

13.1, INTRODUCTION

bl miﬁ m beam whose one end is fixed and other and ix fres, In this chapter we
Eubjmhvﬂhmt nf{ll'- "I:Ilthrll Bll:lj:l'l and deflection for the cantilevers when they are
finding deflections and slope of the simply supported ﬂﬁum: methods have also been used for

;hﬂuhhndallhtﬁﬁémdﬂi:;hﬂwninﬁgll hafure
: . 1. Al shows the positi
uny lsad is applisd wherons AR shows the position of the muﬁhic:'ﬂ:;;r: ilnr::j:t:']“"

-
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Fig. 1.1
Considar & ssction X, at & distanse x from the fixed end A. The B.M. al this soctioy 1=

dven by,
M = WiL-x (Minus sign due to hagging)

But E.M. at any section is sk given by equation (12.3) as
Mg dy
] dr?
Equating the tws values of B, W et
mr Ly
;T::—H'I:L—I]l.-—“":ﬂ-l-w_i:
Tntegrating the above equition, we get
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Integration again, we ped

E
R@--WL?4%’.£E"+¢,:+-:E )
where ) and £, are constant of integrations. Their values ave chtained {rom boundary eondi-

fans, which are - {fjat x = ﬂ.y-ﬂ{ﬂ}x-ﬂ,% =10

[AL the fixed end, deflection and slopes nre zara]

(£} By subetituting 1 =0, ¥ = t in sguation (i}, we get
O=0+0+0+0C; o =0

[E.Ele_l.rnﬁllih.ll:ing:-'ll.E-ﬂmmnﬁmﬁhmm
O=0+0+C, » C =0
Substituting the value of C) in equation (i), we get

1-
EIEE:_WLI-FT

]
- w{:.# - "?] . didi)

The: aguaticn (1) is known oz slope equation. We can find the slope at any point on the
cantilever by substituting the vahee of x, The slope and deflection are paximum at the En:e
end. These ¢an be determined by substituting = L in these equations,

ﬂll]:ﬂ.l.h.l.ll.mgll'lur.ullu.:l:f{-' :u.l:u:Iﬂ' in equation (i), we gel
] w 3
By — — WL '%- ; e ) =l O =00
Lx? o .
== [T—E] .|:I:-I.|}
The equatbon () b= eown s deffection squalion.

Lat E,::B]u}paatth&ﬂ%ﬁndﬂ'i_:.,[%

= D&flection st the free end 8

}nl.ﬂ :-B_ﬂa.l:u:l

lah Substituting @, for % atd = = L in eguation (i), we gut

2 &
Er.u-a._w[;. L—%] S

'
2
EB E :'Il? -|-': IEI-].J'
Megative sign shows that tangent at B makes an angle in tho anti-clockwize dimeetion
with AB
“'IIF
EIB = E _1:13.1.4.]
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(b} Substituting yp for ¥ and £ = L in equation (), we get
2 1 g a 3

2 i i |
8
Fp=- :;I - L 132}
(Megative 2ign shows that deflection is downwards}
, WL
Dowwnward deflection, vy = 3ET -[13.2 A]

13.3. DEFLECTHON OF A CANTILEVEE WITH A POINT LOAIN AT A DISTANCE *a’
FROM THE FIXED EMNIY

A cantilever AR of Jength L fised at point A and free at point B and carrying a point load
W at a distancs ‘a” from the fixed end A, 12 shown in Fig. 132

& L—n *
[ ; 1.': !H
REEEEE o= .E i 1.-
ST e
il 4
.
Fig. 132
Lat 8, = Sloge at point C ie,, [%} at L
¥y = Dheflection at point ©
¥y = Deflection at point 8
The portion AC of the cantilever may be taken ag similar 6o a cantilever in Art. 151 (re.,
load &t the fres endl
3
Op = gar (I equation (13.1 A) change L o a]
¥
and vp o ::r [ equation (13.2 A) changs L to al

The keam will bend only between A and C, but from C ta B 1t will remnin straight since
BAL between C and B &= zevo.

Since the portion GF of the cantilever is straight, therefare
Slope at € = slope at &
I."I.?a!i
ar HE; = BE: = E
Mow from Fig, 13,2, we have
¥y = ¥o+ Bl =}

i i 2
SR g { B - 'f'ﬁ‘f] A13.4)
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Problem 13.1. A certilever of length 8 m is corrving a podei Tond of 25 &N ot the free
erd. df the moment of et af the beam = 10F mim? and value of E = 2.1 = 1° N mm?®, find
(i} slope of the cantilever at the free end and (i deflection of the free end,

Bl Gilven :

Length, f.m3ms= 800 mm
Point Lo W o= 26 kN = 26000 N
5 7 = 109 mm!

Valpe of £ = 2.1 « 10° Nimm?
4} Slope at the free end b8 glven by equacion (13.1 A)

Wi* 25000 » KD
u H rrrees B ma "-dl.
EUORT B2l dlt 2 1P v Ans.
(i} Defloction at the free end i given by equotion (153.2 A),
WL 25000 « 3000
T TR PrIS T ST 10,71 mm. Ans,

Problem L1312, A cartiferer of length 3 mis carrying a poind load of 50 &IV a o diatanee
of B m from éhe fixed end. IF 1 = 108 mm® and K= 2« 10° NV m®, find (i) slope of the free and
crd (o deffection af e froe and.

Bol Given :

Lenugth, L= 3 m o= 3000 pm

Frank koad, W= GO N = SO0 I

Mistunce betwsen the load and the {ixed end,
o =2 m = 30 mm

ML, I = 108 mm*

Value of £ = 2 x 10* N'mm*®
(1) EBlope at the fres end b= given by equation (13.3) as

Wa®  BOOD) = 2000

= = = L00G cad.  Amns.
' 2RI 2x8= 10" =107

(L} Deflection at the fres end is given by squakion {154} as

Wa®  Wel

Yo = 3g; ¥ aEr Ho
OO0 « 20007 SN0 & O00*
T Ee?x 10 210" 2w w10 x 107 {3000 - 2000)

w AT + S0 s 1157 mm.  Ans

g

134 DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD

A cantilover AR of length L Axed at the point A and fres at the pobist B and carrving a
uniformly distributed load of o per unit length over the whele length, is shown in Fig. 12.3.
Consider a section X, at & distance x from the Ozed end A. The B.M. ai this section is
given iy,
- x)

3 {Minnz sign dus o hogging)

HJ--::-FL-::].
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g 13,3

But B.M. at any s=ction is also given by equation (12.3} ag

d'!
M = El
o
Equating the twe values of B.M., we get

g A2y
d!x’ = - —-[J:. P
Integrating the abave eguation, we gt

dy _wil-xf,
Bl G == gy D+

= L-sP+ L, -
|I'I.ltg'l‘.ﬂ.t.il:lg lﬂiﬂ. wea Eet

(L - =)t
4

-— E{L—r}' + O+ Cy wMEE]
where £ and C; are constant of integrations. Their values are sbtained from bewndary conds-

= 1) & 0 &

Ely = %

tioms, which are : (i) atx =0,y =0 and {f#) atx = 0, % = { (a5 the deflection and alape at fixed

enid A wre zerd .
(] By substituting x = 0, ¥ = 0 i eqguation (0], we geb
H.LL‘
0 = — et {L-l]:l"i-ﬂk:ﬂ-l-ﬂ':n- TS 'I'I;',

24
-I-I-I'L'

G g

(ii} By substituting s =0 and %-‘I}hmﬂiﬂu(ﬂ.wl&gﬂ

£p pel

0= E{L D+l = . +C,
-I-EL.

Gt
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Bubstituting the values of O, and O in equation (1) end (i), we get

dy _w g wll
Efﬂ# ol -z 'E T
] i
and =—% E—r]‘—%x+% i)

The equation (i) is lknown as slope equation and equation (o) as deflection equation.
From these equations the slops and deflection can be chiained at any sectians, To find the
alope and deflection at point B, the value of x = L is substituted in these ¢quations. -

Lot ft, = Blops at the free ond B Le., [%] at B

¥ = Deflection at the free and B.
From equation (i), we get slope at B as
wL.l
EJ.EH.:%{L—LF— s s

3
E 1]
.}a.-%.-% (- WaTotal lond = w.L} ..(18.5)

From equation (fo], we pet the deflection sl B as

w ol k!
Hﬂ'n"ﬁiﬂ-lr}*- 5 e
4 4 4
—wLT-Iw—r-—rEI; .niulL‘l-w—L
ikt e
Y= AEr - aEr (v W=l
Digwnwand deflection at B,
al! wi?
*8 ™ 5k " RET B

Problam 13.9. 4 coutifepar of lemgth 28 m cordiar o aRiformly distributed Toad of
6.4 kN per metre length over the enstlre lengeh. 57 the momond of inortin of tha benm = 785
% 107 mem? and velue of E = 2 = 107 N/mm®, determine tke deffection at the free end.

Hol. Given
Length, L= 2.5 mm = 2500 mm
1141, w = 16,4 kl'm
4 Total load, Wewxla164x25=4] kN = 41000 N
Value of T =796 = 107 mm®
Value of E =2 » 10F Mimm?
Lt g = Deflestion at the free end,
Using equation (18,81, we gt
_RLT 41000 « 25007
YBTBET T Bw2x 10F 2786 10°
= BAKI6 maw.  Ams,
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Problem 13.7. A cantilever of lemgth 3 m earriss fwo point lomds of 2 kN at the free end

and 4 kN at a distance of 1 m from the free erd, Find the defleciion of the free end.

Tuake B = 2 x 1P Nimm® and I = 10* mm?,

Sol. Given

LE-ElﬂIh, Lnﬂmlmﬂm

Load at free and, 'Hl".:El:.'.H:EMﬂH

Load at & distanes gne m froam fres cnd,
H."tu-iﬂ-!--iEmH

Distamaoe AC, a = 2 m = 2000 mm
Valuwe aof E =2« 10 Nimm®
Walwa of I = 10® mm*
Lat ¥, = Deflertion at the free end due to load 2 kY alone
¥y = Deflection nt the free and due 1o load 4 kI alone.
4 KM 2k

‘jh Gl ¥

ﬂ I‘ L]

¢ am +

Fig. 134

Dowrward deflection due to load 2 kN alone at the free end is given by equation (13.2 A}

B W2 SO0 = 0007
YiT 2Bl T ae2w10f « 10
Downward deflection at the free end dae to Joad 4 kN (i.e., 4000 N) alone at a distance

= U mb.

2 m fram fiwed end §s given by (13.4) es
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3 gt
4000 = 20007 4000 = 20007
_Exlella'!-tlﬂi-rﬂzﬂxlﬂﬁulﬂst - '
= (54 + 0040 = 80 .
= Tetal deflection at the free end
.J’l#_'p"
w08 4 UM = LA mm.  Ans,
Problem 138 A contilower of length 2 m oorviss o uniformly distribaded load of
E.Emﬁrrlnm,ﬁ:rnk.h;g!hnf.l’.?ﬁmfmmlheﬂmdmdnndmpoimikadﬂflmdmm
md.ﬂndm:ﬁﬂwﬁmulmmmfs&psﬂﬁmitmmrrguhrﬂcmw&ismdhm

deep ond B = [ w 107 Nimm?®, Cannamalsi University, 18000
Hol. Given -
Length, L =2 m =200 mm
U.dl, o= 36 EMim = 2.5 « 1000 Nim
2.5 % 1003
= T Miam = 2.5 Nanm

Patnt load ot free and, W e 1 k8 = 1000 N
Diistanee AL, a =126 m = 1250 mm
Width, b= 1% mm
Depth, o = &4 mm

a gl
Value of I= % - 1 2

= 19924 e = 13524 10% mm® = 13524 = 10F mm*
Valus of E = 1= 10° Mimm?®
Tat jlzﬂeﬂectimatthllﬂm#mhpﬂ&nlludlmalm
wy = Deflection at the frep end dise to ud.L on length AC.
S Lha 10
- 136 + 0,75 m——*
i . | sm 5
“"-h-‘;-'::_-.
Fig. 137

(1 Mow the dewrwsrd deflection at the free end dus b pont Lol of 1 JE dar 1000 M at
the [ree end i given by equation {152 Al as
Wi 1000 ¢ E000°
R RTINS T T
{{i" The downward deflection at the froo and due Lo uniformly distritated load aof
2.5 Mimm on & length of 125 m {or 1250 man) is given, by squation (13.E)as
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_ zhw a5 L %b=1260
T OB 10% w LIA2 « 0T 6= 10° « L3AEL = 107
= 06619 & 04415 = (8934
o Total deflection at the free and due to point laad and wdl
=¥ ¥y = LH2E « 0900 = LO2M mm.  Ans.
: Problem 139, A contilever of length 2 m carries o aniformly distributed doed 2 kN
ooer o lengih of I m from the free end, and a point load of T &N at the froe end, Fend the alope
wred deflection af the free end if B = 2.1 % 10% Nimm® and [ = 8667 = 16° e,
Sol. Given ; (Sen Fig. 13.8)

(RO - L2RO)

Length. L =2 m = 2000 mm
2w 1000
vdl, w = 2 KN/m = S Nimm = 2 Nimm
Length HC, a= 1 m =100 mm
Paint load, W=1kN=1000 N
Valoz of E= 21 w 108 ¥imm?
Value of I'= 6867 = 107 mm®,
1kM
l,;j a P
| im =
1' 2m __I
Fig. 138

(i) Blapn af tke fron and
Let @, = Slope at the free end dae o point load of 1 kN {e, 1000 N
iy = Slope at the Mres end die to wd 1 on length B
The slope at the free sod due to o point load of 1000 M at B is given by squation (13,1 A
a3
B -II"‘I—L':iI (v Bp =B here
1 Ry - ] L
- 1000 * BH007
B i w10 w 60ET » 107
The slops at the free end due o w.d ] of 2 KN over a leagth of 1 m from the fres end is
given by equation (134} az

= (L0001 428 rod.

Lol -e®
I-tuﬁ_—ﬁﬂi’ {:: g = f, here)
2w B0)? 2 (2000 - 100077

T Ee 1% 10" % GOET 5 L BeZix 10" % BAET = 10
) = 0000150 - DLO00238 = B0001L6RE rad
. Totsl slope at the free end
=8, + li, = 00001426 + 0.0001666 = 00003094 rad. Ans.

(i Duflection af the free end
Let ¥y = Dallection at the froo end dus to point lead of 1000 M
¥y = Deflection at the free end dus to wd Ll on length B,
The deflection, at the froe end dus to pednt lesd of 1000 M iz given by squation (132 A) as
WiLE
N REr i Herey, =¥g)
1000 = B0
Te2% 10 = 6BET 10" = 01904 mm,
The deflection at the free end die to w.d.) of 2 Nimm over & bength of 1 m from tha fres
end ig given by equation (13,10 8z

4 4
wl!  [wll - g Wil - af “]

TSGR | T am  GEI
. . &= B000* . 2000 - 1000)*
B2 lx 107 wBEET % 10 (BB 1m 10" = GGHT = 107

, 2000 - 1000 % 1000
B 1w 107 o GRET = 10T
= 0LZBET = [[LO1TES + 0.0238] = 0,244 mm
+ Tatal deflection at the free end
=)+ 3y = L1904 4 0,244 = 04344 mm.  Ans,
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