Curvilinear Motion



When the path described by a moving particle is a curved Iine? then the Motion o
the particle is known as curvilinear motion of translation. If the continuous path describeg
by the moving particle remains confined to a plane, then 1t 1s known as c13‘.1%11163 motion’ i |,
plane motion, the motion of a particle is in two dimensions. If the path described by the particle

does not lic in one plane, then it is known as ‘spatial motion’. In this chapter, we wil] gee only
the plane motion.

When the motion of a particle in a plang is considered, single variable is not sufficie,,
but two variables (x and y) ie, two co- ordinates are to be specified to locate the particle 4

any wstant. For the location of a particle along a curved path, following two systems .
followed.

(1) Cartesian system (or rectangular co-ordinates)
(1)  Polar system (or radial co-ordinates)

In this chapter, cartesian system is followed to locate 2 particle on the curved path.
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Acceleration of the particle |
- Let the velocity of the particle changes from P (x.y) to Q(x+dx; y + dy) in a small interval

ot.
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The motion of a pgrticle along a curved path is given by the equatiohs.

XS+ 8+ 4, and y=13+312+8t+4
determine

("). .I nitial velocity of the particle (ii) velocity of the particle at t = 2 scc
) acceleration of the particle at t = 0 and
~— ) acceleration of the particle at t = 2 sec

Solution
Given, x-= t> + 8 +4 and y= t>+3t° +8t+4

Velocity components of the particle.

d 2
Horizontal component of velocity, V_ = % = qdt t +8t+4)
| = 2t+ 8 .. (@)
| . d
Vertical component of velocity, V - dv = dt (t3 +3t° + 8t+ 4)

Y dt

|

32 +6t+ 8 ... (ii)



Acceleration components of the particle

Horizontal component of la.cceleration, 2, = (%(Vx) = %(2t+ 8) = 2 .. (iii).

Vertical component of acceleration, a, = % Vy) = adj[ G2 +6t+8) = 6t+6 .. (iv)

(1) Initial velocity of the particle
Putt = 0 m equations (i) and (i1).

Vy = 2t+8 = 2(0)+8 = 8m/s
and V, = 3t2+6t+8‘

= 3(0) + 6(0) + 8= 8m/s vy
2. v2 = V2Ll *
‘\/_vx+_vy 8°+8° = 11.3} m/s ‘450

— \/X
' R \Y _1(8 -
and9.=tan ——zv = tan [§)=1=45° | |

X

Velocit_y,, V




(i1) Velocity at t = 2sec

Putt = 2 in equations (1) ana (i1)
V,=2t+8=22)+8 = 12mk

and V.= 3t +6t+8

Y

. Velocity, ‘V’ at 2 sec

i

= 302)°% +6(2) + 8

\/Viﬂ/i

32 m/s.

\/122+322 = 34.17 m/s.

\Y
tz-m"1 —J
X

V

~1 2 _ .
tan (12} 694

Vy(32m/s)

!

Vv

69.4°

Vx(lZTn/s)



substitute ¢ -

a)(
a},

. acceleration at t

O in equationé (iii) and (1v).
2 m/s?
6t +6 =6(0)+6= 6 m/s?

i

Il

I

0, ga= '\/(ax)2+(ay)2 - \/22+62 = 6.324 m/s?

Let ¢ be the angle of Inclination of ‘a’ with horizontal. then, tan ¢ = %y
a,

6 = tan!|Y| _ . _i(6) _ o
2) - (Q) - s



# a
(iv) acceleration at t = 2 ¢,
substitute t = 2 jp equations (ii1) and (iv) 71.56°
a, = 2 m/s> -d,
a, = ot+6
= 6(2) +6 = 18 m/s®
:. acceleration att= 2sec, a4 = V(ax)z + (aly)2
Ay
- V2 - 18.11 m/s? §4°
angle ofinclination of acceleration with horizontal,
_ _ 3.66¢°
b = tan!|Y| = mnl(-lz—g = 83.66° 0366
A —e3,



Example 2: [

The motion of a particle is specified by the equations

X=5t+075¢ and y=4t+067¢
Where x and y are in metres and t is in seconds. Determine . | |
(i) the path of the particle (ii) velocity of the purticle after 4 sec
(i) acceleration of the particle after 2 sec -

Solution
Given, x = st+ 07528 .. (i)
y= 4t+06f .. (1)

() Path of the particle
To find the path of the 'particle, eliminate ‘t’ from both the equations.
“quation (i) x 4 = 4x =20t+3t" ... (iii)
®quation (if) x 5 = . Sy =20t+ 3% ... (iv)



Equation (ii1) - Equation (iv) = (4x — 5y) = 0
. | o )
or 4x = Sy or y = 5 or y=08
v = 0.8x is in the form of y = mx + ¢, which is the cquation of straight line.
mwhich, ¢ = 0; "

m = slope of straight lire = 0.8

or tan6 = (.8
0 = tan! (08) = 3R.65° y

where, 0 is the angle of inclination of the straight !
hne with honzontal. The path is shown in fig. 17.2
(11) Velocity after 4 sec
Horizontal component of velocity,

— .d.:E — ii_ 2 — | ‘ 1 ' : : -
V, = & - dt (5t+0.75t) = 5+ 15t ... _(1) 0 | X




Venical component of velociny,
vV, = gy m{4t+ﬂE{1} = 4+ |.A

d

... (14}

To find the velocity after 4 see, substinz t = 4 in cquations (i} and (i),

-~ Yelocity at 4 e, ¥V,

b

e

Vy

= 5+15t = 5+(15 x4y = 1| mfs

= 4412 = 4412 xd) =

= "l.“'l."i+"u"§

= Y117 +88% = 1408 mi

angle of velocity with horizmutal, @ = tan [%]

c ()

38 mfs



(iii) Acceleration after 2 sec

Horizontal component of acceleration, a, %(Vx) = 3(5 +15t)=15m .
t . - .

- nent of accelerat; _d d
- Vertlcalcompo cration, a, dt (Vy) dt (4+12t) = 12 m/s*
2 2
on,d = '\f(ax) t@) = V1.8 4122 = 1.92 m/s?

accelerat



Example 3: /

The motion of a body moving on a curved path is given by the equations, x = 4sin 3t

|

Solution
- Given, x = 4sin 3t and
y = 4cos 3t
Velocity of the particle

_odx_ d _ |

V, = 3t~ dt (4s1n 3_t) 1 2095 3t

d d AL

= = — = —12sin 3t

Vy it~ dt (4cos 3t) 'sm

~.Resultant velocity, V

|

|

I

| 7 <2
Wx+vy

\(12cos 3t) + (~12sin 3t)°

\[122 (c052 3t + sin’ 31)

\1122 = 12 m/s

and y = 4cos 3t. Find the velocity and acceleration after 2 seconds.

¢

sin® 3t + c:o:s2 3t = 1)



Velocity of the partlcle after 2 sec

From the above result, the velocity of the particle at any time interval 1s constant.
ie, 12 m/s.

Acceleratlon of the partlcle

& = E (V) = 3¢ (12cos 31-.) = —36sin 3t
a, = -:il- (V;) = -a—t(-'—IZSin 3t) = —36cos 3t
t
' ac‘celeratidn q = \] 2, 2
. ac , al + a2

= V(=36sin 3t)% + (~36c0s 3t)°

1)

\[362 (_sin2 3t + cos> 3’5 - (r sin® 3t + cos® 3t = )
= V362 = 36 m/s®

Acceleration of the particle after 2sec

From the above result, the acceleration of the partlcle at any time is constant of 36 m/g
(‘a’ is not in ‘t” term, this shows, 1t i1s a constant measure at any time).



Cartesian Co-ordinate Polar Normal and Tangen_tial
System System System
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Veiocity components
Velocity along X direction,

_dx
Vx = at .
Y WVelocity along
- - ; — dy
y direction, Vy 4t

Resultant velocity,
v = Vvoy?+ v,)?

Velocity Components

] d
Radial velocity, V, = ¢
Tra.nsvé_rée velocity;
. de
Ve = Ta¢

1Resultant velocity,

a=

NV + (ve)

Velocity components

V = Velocity along the curve

Acceleration Components

: - d Vx _ dzx
5
_d V_z — i}i
Gy~ dt?
Resultant acccleratlon :
= VN@,0" + (a,)”

Acceleration Com po nents

_d?r (de
2r dt2 dt
_14d(_d?%

r dt dt?

Resultant acceleration,

= V(a)© + (ag)”

Acceleration Components
| 2
vV

Normal acceleration, a_ = ——

n r

' Tangential acceleration,

dVv

dt

_ Resultant acceleratlon

‘\ran) + (at)




7T

at® =74

Solu_tion :

Jiven,

. dr
odt

t

20

2t

d%e
and — =1
dt?
_ (¢ )
2
and 9—25 =
dt

2

. 2
A particle moves along a curve and its position is defined by, r = 2 © and © =7

Velocity and acceleration components are required when 6 =

[t is given, B ==

when O =

o

t

2
L
4’

or t=120

t=\2 x /4

1.253 sec.

where t is in sec, and r in metres. Determine the velocity and acceleration of the particle

A~



Velocity compopents att = 1.253 sec.
Radial velocity, v, = %{ — '2(1._25_3) — 2.506 m/s
Transverse velocity, Vg = r% = (1
= £ = (1.253)> = 1.967 m/s

. Resultant Velocity, V V(V)? + (Vp)?

N(2.506)% + (1.967)%
3.186 m/s (Ans)




Acceleration components when t = 1.253 sec

2
Radial acceleration, a_ = th (?1?)

2 {¥x@®)*} =2-(@1H
= 2-(1.253)* = 0.464 m/s?

T . 2dr d® | _d%
ransverseacceler ation,ag = +

dt dt r}i{f

{2(2t)(t)} + {t (1)}
- 4¢? +

5t2= 5(1.253)%= 7.85 m/s2
V(a)? + (a)® = V(-0.464)" + (7 85)’

. Resultant acceleration, a

7.863 m/s> (Ans)



