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Deﬂediqn of Beams

12,1, INTRODECTION

If a beam carvies uniformly distributed load er a point load, the beam s daflected from
its eriginnl position. In this chapter, we shall study the amount by which a beam is deflectad

from its positsan. Lhie to the loads acting on the beam, it will A '.'I
ke pubpesstesd to bending moment. The radius of curvatnre of -|"
the deflected beam ia given by the equation 'I:{ ——;L- The ra- T T

TR {0] Baxmer pert ithovt sl 2o lsuuiing

divus of cirvaturs will be constant if & = Tl oonatant. . W .

Tha teren (f x EVM will ba constant, if the beam is subjectad
tor a conatant bending moment M. This means that o bpam for
which, when loaded, the value of (B x JVM is constant, will
bend in o circulsr zro.

Fig 12.1 () showa the beam pasition before any lopd
in applied on the beam whereas Fig. 121 (b} shows the beam Pag. 12
pesition after loading,

| C
¥ Beom poastan aliar loading

12.2. DEFLECTION AND ELOPE OF A BEAM SUBJECTED TO UNIFORM BENDING
BIOMENT

A beam AR of leagth L s subjected to o gniform hend-
ing moment M as shown in Fig. 121 {20 As the beam is suh-
jected to 8 conatant bending mesnent, bhenee it will bend into
a cdreular are. The imitial pazition of the beam is sbown by
ACH, wherens the deflected position 12 shown by AC'E,

Led M = Radius of curvatare of the delflacted beam,

¥ = Deflection of the beam at the contre (Le., dis-
tamoe (L)

i = Moment of inertia of the beam soction,

E = Youngs modules for the beam matecial, and

i = Slope of the heam at the end A (Le. | the angle
made by the tangent at A with the beam AR].
For o practicel beam the deflection v e a
small qoambity

K.NEHRU, M.Tech.,(Ph.D)
Assistant Professor 19AEB201 Aero Mechanics of Solids



Hance tan 8 = A where 8 is in rodians. Henes B betomes the slope as slope i=
ety
— = tan 0=

I n

Haw AE:BE:%

Alsn fromn the geometry af & clrele, we know that
Al = OF = IO = O
L

E.ﬂ%l{ﬂﬂ'—:‘-}k:ﬂ (v DC=DC =00 =2R-¥

Lﬂ.
o o T
Fuor & praciical heam, the deflection v i2 o small quantity, Henee the square of & grmall
guantity will be negligible. Hence neglecting »? in the above equation, we get

o,
=Ry

LF :
= — A

e ¥ .EH
But from bending equation, we heve

M E

T-g )

a-r. .
= - AR}
oF E i 1]

Bubstituting the value of B in equatian ({], we get

Lﬂ
)
EH-F

or ye ":éj LR
The equation (12,11 gives the cantral deflection of a beam which bends in a cireular are.

Viebiee o Slope (B}
Fram trimngle ACOE, we know that

L
_Ac L2l L
snf=

: RO aR
Sinece the angle 8 s very smell, bence 2t 8 = § (in radiang)

|i - % fesm agquakion [r'-r'J-]

M« L 122

Ergaation (122} gives the slape of the deflected beam at A or at B.
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124 RELATION BETWEEN SLOPE, DEFLECTION AND RADIUS OF CURVATURE
Lot the curve AR seprosents the deflection of & beam a# shovwn in Fig 12,2 (o) Consider
a small portion PG of this beam. Let the tangerts st P and @ make angie ¢ and 4 + dy with
x-axiz. Normal at P and § will mest ot O such that
PC=Q =R

Fig. 122

The point iz known ag canlre of carvature of the curve PG
Lt the length of Pg) is equal to ds,
Froim Fig, 128 (b), we see that
Angle POQ = oy
PG = ds w Ry
ar H= ﬁ ¥

But if x and ¥ ke the sa-ordinates of P, then
Ii 1
tan 1p = i—i il

and el Ll

e () ()
“@ G

il B

11

K.NEHRU, M.Tech.,(Ph.D)
Assistant Professor 19AEB201 Aero Mechanics of Solids



Differentiatmg «gquation {37} w.r.b x, Wa got

1, dy _dly
e ax  dx®

&)
I:I!'I-l

: oy _
i T P

Substituting this value uﬁl‘% in equatios (i), we get

=7 aly  [d?
d_¥ dt ir
dx®
see®

Taking tha reciprocal to both sldes, we gei
e
B aocty  fsec® gt
dty
dx®
" [Lstan® y)*"

Far a practica] bearm, the slops tan  at any polnt is a smell quantity. Hence tan® y can

L J-:_E:]rl.ul.-ﬁ-q.]u

it
From the bending equation, we have

1 diy
iz

Differentinting the above equation w.r.t r, we gei
e dy
PR
M

But —— = F shear fproe (Seo page 253)

friiy
oy
FeBl
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Differentiating equation {12.4) w.rb x, we ged

AF _prd'y
o = BT e
Fut % = w the rate of lading
d*y '
b = Efd:l (125}
Hence, the pelation between curvature, slope, doflection ete. at a secthon ia given by :
Dreaflection =y
o2y
Slope =
da*
Bending moment = Kl IE
at
Shearing foros = Iit—':
Gty

Tha rate of loading I.E.Irli_.:

Unitz. In the above equations, K is taken in Nimm®

I La taken in mm?, ¥ i taken i mm,

M is taken in Mm  and x is taken in m,

12,5.1. Mathods of Determining Slope and Deflection at a Section in a Loaded

Beam. The followings sre the tmportant metheds fior finding the slope and deflection at a
meckion n & boaded beam :

() Double integration method

(i) Moment area method, and

(i) Macaulny's methnd .
Incase of double integration method, the agquation used is

1’[5_1' dal]- A
”'EIF or F-E

Firat integration of the above equation gives the value of % or skope. The second inte-

E';-tiﬂl'l gives the value of ¥ or deflaction,
The first twe methods sre used for a single load whersas the third method is swed for
saveral loada,

124, DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A POINT LOAD
AT THE CENTHE

A simply supportad beam AR of length L and carrying a peint load W st the centre is
shawm in Fig. 12,5

As the load iz symmetrically applied the reactions K, and Ry will be equal. Also the
e deffection will be at the centre.
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L
L L L
- ? -E i
A — - - B
L "'\._\__\- E _'_.r"--'-
-\--l-:'?:-l—__\___i _______ _.‘--"
—— . ——+]
wl, . : "
& 2
Fap. 19.3
1
Mow R, =Rym E

Congidor 8 seetion X at a distance 1 from A, The bending moment at this section is
given by,

M=, xx
=% * 2 {Plas sign 1= a2 B.M, for left portion at X
= clockwisal
Hut B, at any saction is also given by equation (123} as
atw
M =Rl —
dr*
Equating the two valuss 6f B.M., we got
diy W
W A
£l E’E =5 *¥ i
Chn integration, wa got
7
E%-%ﬁ‘?w, i)
where £, is the constant of integrakion. And its value is obtsined from boundary conditions.
L ,
The baundary covdition is that at.s = 5 , slope [':—i} - 0 (s the maximum deflection is 8t the
. eeniee, henes slopa at the centra will be zero). Substituting this boundary candition n equa-
tioe (i), we get
w oLy
0-%x(5) +=
WL
o ll::l == T
Substituting the value of £ in equation {2}, we gat
gy Sy WEE WL Aiii}

ilx 4 16
The ahove sguation & kbown the slepe equatice.. We can find the slope al any point on
the beam by substiboting the valoes of x, Slope is maximuwm st A, Atd, x = 0 and heace slope at
A will be sbtained by substituting x = 0 in equation {ff),
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[[ﬂﬁ is the slope at 4 and is represented by @ 4

WI2
16
.
AT 1BET
The shape at peint B will be equal to 8, dnoce the load i symmetrically applied,

Wt 126
1GET

Equation (12.4) gives the slopa in eadians.

Dipfleciion af any point .
Deflection at any point is chiained by litoprating the sioge equathon (i), Henoe inte-
frating equatian (L), we get

0T Bl w iy ==

2
.E.I'a--:_;;-:E I—a—m.t-rﬂ'j )

43 16
whess € is another constant of integration. At A, r = 0 and the deflection () i3 zera.
Hence substituting these values in squation Girl, we get

EI:-:EI!!I]-IJ+{T3

or C,=0
Substituting the value of O in equationdic], we get
W WL x
" — 5 - _.l;l:l'"
Elwy=-1o 16

Tha ahove equation i& knowmn as the deflackion equation. We can find the defleciisu al
ARF point on the beam by substituting the valies of x. The deflaction 15 manimum ot centng

. L
podnt O, where x = % - Let y. reprosents the defsction af C. Then substituting x = T and y =3,

in equation {v), we get

WLy owrt {L]
Bluy = E[E] —Fx 5

C WL WL WL - au
oo 4n a6
L WL

G 44
wil

Y == mrr

- AR
{Megative sign shows that deflectinn is downwards)

Wt
Derwprarard deflection, ¥ = E WA TETE

K.NEHRU, M.Tech.,(Ph.D)
Assistant Professor 19AEB201 Aero Mechanics of Solids



Problem 12,1, A beom § m long, simpiy supported of its ends, is cerrying o peiad lood of
&0 kN at ite centre. The mament of irertio of the beam (e, It is given as egual to T8 = 107 mm?,
If E for the material of the beam = 2.1 = 0% NV mm?, colenlote © (i) deflection af the canitre of the
heam and (i) slope gt the sepports,

Bol. Given :

Langth, L =6m=0x 1000 = GIHH mm

Point load, W= B kN = 50,000 N

MO, F=78% 10" mm*
Valueof B =21 = 10° N'mm?
Let ¥, = Dedlection at the cetitre and
B, = 8lops at the support.
({1 Using equation {12.7) for the deflection al the centre, we get
EII.E:
e " GREl
SO000 » GO

- 48 % 21 = 10° « TH x 10°
= 13.786 mm. Ans.
{12} Using equation (12,61 for the alope at the supports, we gt
“_ll_:
Gy, =— T6ET
ol
16 8T
_ BOGO w BOBD
16 = 21w 107 = T8 = 107
= 0, HEEEE vadians

180 . LB
= O 0EEGE = T degren [".' 1 radian I-T'l'hi'l'ﬂ]

= LS. Ams.

Problem 12,2, A beam  mebre long, sempldy supporfed of s ends, cardies a polnt lood W
of ifs candre, Jf the slope af the ends of the beam is not fv exceed 1, find lhe defleclion of he

(Numerically)

cerfre af the bedm,
Sol. Gaver :
Langth, L =4 m = 4000 mm
Faoint lead at centre = W
Slope at the snds, 0, = G, = 17 = 11;; - 0.0174F radians
Lt ¥, = Deflection at the centre
Using equation {12.6), for the alope at the supporia, we gt
_ -
= TRET . iNuamerically)
Wi
Q01745 = —— -
o 16EI A
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Now using equation (12.7), we get

oWt
Te ™ SBET
wit L LWl WL L
BT ) " 4BET  18ET 3
Wit - }
= DO1746 » "“;” [ ﬁ-uﬂlldﬁfrmmqulhm{ﬂ.‘

= 3326 mu. Ans.

Problem 123 A beam 3 m long, simply supported of its ends, 68 corrbeg o podred load
W i the cenire. If the slope of the ends of the bewm should nol excesd 1°, find the deflection of
Lhe cendre of the beam. (Annamalal University, 1991)

Bal. Glven :

Lemgth, L = 3 m = § = 1004 = 3000 mm

Point lond at centre = W

Slope at the ends, #,=8,= 17

LA 01746 padians

Lot y = Deflection at the centre
aing equation (126], we get

z z

Wi ;
. EIJ,_- E ar 001745 = l-lilﬁ w gk

MNew using equation (12.7) we get
wrF  wrl

"4 d8El 16ET

=
]

L Wit
= = w7 e m (R0 TS
01745 = 3 [ T, ]

=D01745 = % (<0 L= 3000 oum)

= 1745 mm. Anps
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o= E Er RN ENE
Problem 12.6. A beem of wniform reclangnlar seetion 200 s awéde oo 200 mor deep fe

eimply eipportad af ity ends, It corries o cnifornly distributed load of & &N ran ower the
endire spen of & m. IF the valve of E for the beer naterial (2 1 = 108 Nimm?, find

(i) thee slope of the supparts and (i) maximum deflection.
Sol. Given :
Width, b = 200 men
Depth, d = 300 mm
MOL, I=- -*'f: . A ;23':":'1 = 4.5 % 10% mm?
Lk, wom % kMM = 3000 Him
Span, L=0m = 5000 mm
Tatsl load, W=, L = 9000 = &= 45000 N
Value of E =1 » 10# Nimm*
Lt i, = Slope al the support
and ¥r = Maximum daflecion.
{f) Llging aguation {12, 12), we gel
w.LE
%=~ FaEr
45000 = 500

radians

T BAnlx10° w B 107
= 0,01 radians  Ans.
it Using aquetion (12.14), we get

5 Ww.p©

oS mma BN
__b 45000 «5000°
COAEE T 1w 10t cfiw 10°
w DEET mm, Ans
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Problem 12.7. A beam of tengtk & m end of erifers rectangelor section i& eupported of
its ety and corries uniformly distribeted load over the entire length. Colesloie the depth of the
gection £ the moximum peraussible bending straag ig & Nimem® and consral deflection {2 kol 0

prsprd P mm.
Take the velys of B = 1.2 = [0F Nimm?.
Sal. Given :
Length, L =5 m = 5000 mm

Bending stress, [= 8 Nmm?®

Certral defloction, v, = 10 mm

Walie of _ E =12 x 10* Nnm®

Lt W = Total load
and & = Dapth of beam

The maximum bending memant far a simply supported beam carrying a uniloomly dis-
tribated load is given h:!.',

wl? WL

M= I-I-I-E— -T (= W= H.IL:l . i}

Maow ueing the hending equation,
ML
iy

F)
ar H"r“

SE

* 9

+
161 i

il
Byuatiog s bwe valugs of BAL, we gol
WL, _ 160
B o
W= IE:B.E'- LE8F
. “L=d L=d
Mow using squation (12,14}, we gst
.5 _wod
Y% 384 " ES
1
ar 10 = b 2% L [ S = 10 mm and W -

~ldi]

1287
Lxd}
5 128wl
THd dxE
5 ,m"“".i,. 128 w 5000°
TaE4 T I0wE B4 10x1%= 107
= 3472 men = FTE e, Ans.
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18.7. MACATULAY'S METHOD

The procedure of Anding slope and deflection for a simply supported beam with an
exentric point Joad ag mentloned in Art. 125, is 8 vory laborious. Thara is a convenient method
fivr determining the deflactions of the beam subjected to point lands.

This method wes devised by Mr. M. Macaulay and is known as Macsulays method
This method mainly consists in the special msnner in which the bending moment at any sec-
tiom is mxpressed and in the manner in which the integrations are corried sut.

12.5.1. Defleotion of & Slmply Supported Beam with an Eceemtric Point Load. A
simply supported beam AR of kngth L and carrying & point losd W at a distancs '’ from left
support ard a1 a distanes 5’ from right support is shown in Fig. 12.7. The reactions at A and B

are given by,
W.hb W, o
By==p ond Be= e
je & L b —
A Ly A
g, - =
By - b o= W2
Fig. 127

Thyis bending moment at any section batwesn A and © at a distanee x from A 18 given by,

M ~-E, 2x= T A
The above squation of B, bobds good far the valaes of x between 0 and 'e’. The B.M. at
any section between O and B at a distance x from A is given by,
M=Rx-W=zixr-al
-% i — Pl —
The ahove equation of B, holds good for all valaes of = between x = a and 2 = b.

The B.M. far all sactions of the haam can be expresssd by a single aquation writlen as

qu%x P - Wir-a A
Stog at the dotted line far any point in section AC. But for any point In section CB, add

the axpressicn beyond the dotted Hne also
The B.M. at any section is slse grven by egquation (12.3) as
i - .
M = EI i—f HEE]

= % Wi - al A

CMEED
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where C) is 8 constant of integratien. This conatant of integration should be written alter the
first ey, Also the Brackets are to be infegrated or o wholp, Hence the intagration of {x — al will

ix—-a)? -'I:E_
ke 3 audnnl—ﬂ_ Q.
Intagrating equation (fv] cnee naiin we pet _
Wik x i Wix-a)®
=— b LY
Ely=31 3 “:'r‘ +G 9 8 ’

where £ is another conatant of integration. Thisconstant ig written after Cyx. The integration

A3
of ix - a)® will ba {f.;_“J . This type of integration is justifled as the constant of ntegrathons

O, and O, are valid for all walues of x,
The vahees of O, and O, are obtained from hamndary conditions. The two beandary con-

doiions are :
Gl At =0, y = 0 and {iAkxs L oy=0
i1 At A, x = 0 and y = 0. Substituting these values in equation (o) upto datted line cndy,
we ek
0=0+0+0,
& Cy=0
(Edh At 5, anand_r 0, Hubstituting these: values in squation {v], we get
a -
I:I--;';Th.%fﬂ' « b+ E—E%
(*y {0, = 0. Hore complete Eq. () is ta be taken}
F 3
=w.b.1.= EEL_Eb_ (- L—g=b
A
W wer® Wb
: =5 - - LE - b
o o=l A 5 % i
E ] .y i)
Ci=- BT, (L2 - bY)

Enl::m.uthg the value of C, in equal:mn (il we ot

W.b W.h F Wik—al
Figy :l: {El:ﬁ'blj] - i

BT 3 2

LI ﬂ{LF‘ -8 - Wi -a) . Awii)
i i 2

The squatian (vid gives the alope 8t ey pint in the boam. Slope is masimam at A or 5.

To find the slope at A, subatibote £ = 0 in the alsve equation uptoe dotted ling a8 point A lies in

Al
EL8, = “;L'!' x 1 - 5—1: (L% - %) { :;'E-:t A -ul}
_ %’ (L2 - b
== 'l.'F.EIL (- &% - ias riven hefore)
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Substituting the valuea of O, and £, in agquation (v, we gel _

: W ..
Ef_hrn-—“ErLb._tl!+[-%lL:—bl]:|I-F“‘ : -EI:-‘-'-_'H']E =i}

The equation (i) gives the deflection at any point in the beam. To find the deflectbony,
under the load, substitute x = a in squation (o) and eomsider the eguation upto detted Line (as
point © lies in AC) Hence, we get

W. b W.h w.b

Bly, = il o3 S (L= Bl = i = I+
- w;ﬁi'b (¥ = g B
R {« Leg+h
=- wéi"ﬁ a3 + B 4 Zab—a? - b2
e T80 gy w.;;I.raﬂ
¥o=- W;‘;{.I.!:" . Asame a3 hafora)

Nate. Whils using Macsulay's Method, the section x &8 Lo bo takon in the last portion of the
b,

Problem 128, A beam of length @ m la simply supporfed af W erda end corries o pond -~
tnard of 40 kN at a distaree of 4 m From the l4ft support. Find the deflaction um]’e.rﬂl:rfmdi_:mi
moaximan daffection. Also ralowlate the pofut of whick maoximeme deflection tolkes ploce. Given
M.OF of beam = 733 x ) mmf and E = 2 » 10° Nimm?,

ol (Ziven -
Length, I = & m = G000 mem
FPoint load, W=d0 EN = 40,000 N

Drigtansee of paint koad from beft support, @ = 4 m = 40 mm
h=f—pel=4=s2m=3000mm
Let. ¥, = Deflection under the load
Ve = Maximum deflection

W, b2

SEIL

40000 = 400 « 20007

Fe T i 10F %733 % 107 = GODD

=—HT mm. Ans

Uking eguation ¥, =—
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Froblam 12.9. A feam of lergth & m s simply supporsed et ity ends and oorries Booe
poirt oede of 48 kN and 20 kN af a distorce of T moand 3w respectively from the lefl support.
(1} defloction under sack loord,
(ii} meaxtrmeom ceflaciion, and
CEEL) Ll poiret of awhich maximuwm defleckion Geclirs,
Given B = 2w 108 Nimm® gnd [ = 88 @ 10F mum?,

Baol. Givan :
F=85 = 10* mm®; £ =2« 1{ Mmm*
Firat calculabs the reactions K, and H,.

Taking moments abowt A, we got
RpxE=d4B=1+40 =3 =188

168
. RII'E—nﬂ-'l-r.N'

- R, =Total load = Ky = (48 + 40) — 28 = 60 KM

I::m l-muu
5 o 6L

g I —
. =m al
Fig. 125

Conaider the ssction & in the last part of the beamn (he,, in longth DR) ot & distameos =
froen the =t support A The B, at this section ls given by,

P S PR T Y. T
E A = :
=80 ¢ - affx—1) | - 4x- 3}
Inuﬁ-nr.m: the above nqm.ti.-:n:t.-wn Eet l
m%-mtfc, : —-]BE—-EI'—F- : —ami%f-

2
-HhT e 0, | - 2dlx- 1 © - 200x-3F° A
Integrating the above equation again, we get
Epy = B0 cCxer, | -2PMx-1@ D k-3
-
: i 20
=l e O v &, © =8le=1F | -l -3y .y

To find the values of ) and C,, use two boundery conditions. The boondary conditions
Foin <

lacx =0, vy =0, apd Gilatr =6 m, y =
{i} Substitating tha first houndsry condition Le., at x = 0, ¥ = 0 in equation (i} and
considering the equation upts fret dotiad line (as £ = 0§ liee in the firat part ol the baam), we got.
I;I-{I+I:I-|--l:.'.I Ct-L‘I
tii] Bubstituting the second boundary condition ie., atx = & m, p = & in «guation (L) and
conmidering the complete eguation (ns x = § lies in the last part of the beam}, we gat
'I}-lﬂr:ﬂ:+ﬂ'1=tﬂ-rﬂ—ﬂ:ﬂ—1:l:'—%lﬂ—ﬂ}’ (o Dy =0

ar 11:2160#56]—315*—%:3’
= FUG0 « B, — 1000 — 180 = HH0 « 6,
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= S8}

. E] = G = - LEEAE
Mow substituting the valuea of C, and €, in aquation (i), we got
Efy=10:% - 16880 © -Blx-1 | - %[x-a}* i)

CHad DefTection wnoler firat load e, af poiat O, This is obtained by substitubiog z = 1 in
oquation (L) apto the first dotted line (s the paint C lies in the first pact of the beam ], Henes,
we

: Ef oy, == 1% - 16393 = 1
=10 - 163,33 = - 15233 kNm®
== 15303 x 10" Nm?
==~ 153.93 » 10% = LO? Niwin®
=~ 153,33 » 10 Nmm?
- 1ES3 100 - 16REIx 10"
Fe= El B 10 @G 10
=— H019 mm. Ans
(Megative sign shows that deflestion is downwards).
(&) Defection under secord load ie. of paind D, This 2 obtained by subatitoting © = 3 m

im eqguation (6L} wptbo the second dottcd line (s the pni.nl:-ﬂlh‘.'i in the second pa:t-ﬂl.haha.am].
Hence, we get

Elyp= 100 5 - 160.53 » 3 - 83 - 1P
= 270 - 485,89 ~ B4 = - 263.99 kNm®
= — 283,99 = 10° Nram*

L
¥p= - 2B 10 g 6T mm. Ans

2w 100 AR = 10F
(4 Mexirmumm Deflection, The deflaction is 1ikely to be maximum at & section hetween C

- and ), For mazimoan dediedion, SI glsonld be zera, Hence equates the squation (0 egual Lo

i
zary upto the second dotind lne.
dox? + O, - 24k~ 1F =0
or ot - 16993 - 2dix® + 1 - Sx) =1b ’ fn L) == 16333}
. br fir? + 48 ~ 18785 =10

The ahove squation is a quadratic equation. Hence its sclution is

- - =
. - 48 = J4B® + 4 = 6 x 1ATAS PP
Tw i

{Negledting - va root)
Nowr substituting x = 287 m in equation (4] upto the second dotied line, we get muxi-
mum deflection as
Aly, .= 10x 287 163.33 = ZBT - B(RET- 1V
= 24430 - 488.75 - 52,81
= 284 57 kNm® = = 284,67 = 10" Hmm*

— ZR467 =« 10

. BT == 16745 mm. Ans.
o = 0 % RS < 107

K.NEHRU, M.Tech.,(Ph.D)
Assistant Professor 19AEB201 Aero Mechanics of Solids



12E MOMENT AREA METHOID

Fig. 12.17 shows a beam AR carry-
ing some bype of loading, and henes sub-

jected to bending motment as shown m
Fig. BE. LAY (m). Tat the beam bent Into

AL P B ag shown in Fig. 12,17 (b

Dris ko the load acting on the bheam.
Let A be a point of 2ero slops and 2ero
deflection,

Consider an element P of amall
kngth de ot a distance x from B, The
corresponding points on Che deflected
beam are P8 as shownin Pig, 1317 ()

Let B = Radius of corvatiens of de-

Hected part 2 &,
o = Angle subtended by the
arc P&, ot the centre O
1 = Bandicyz motnent bedween
Fand @
PyC = Tangent at poing My
QLB = Tangent at poing QL.

The tangent al P, and @) are cut-
ting the wartical line through B at pelots
Cand [, The angle betwesn the noemsals
at P, and § will ba aqual to the angle

K.NEHRU, M.Tech.,(Ph.D)
Assistant Professor
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batwoen the tangents at P, and ). Hence the angle batweon the linas CP, and DN, will be
equal to 2.

Fuor the deflected part. P&, of the beam, we hava

P, = Radd

But P@, =

dy = FF.dd

. = "-J; A}
Bt for & loaded beam, we have '

Subativating the vales of B in equation (i), wo got .
- _dx _Madx
= [E] I, AR
i)
Sinece the slope at point A is assumed zevo, hence total glope at B is sbtainsd by integrat-

ing the above equation between the limits 0 and 7.

LM.de 1 gt
= =— | M. dy
Er EI-L

But Modx repressnts tha area of B, M. demm{rElangthnh:_HﬁnneJ:M.d.t represents

thie area of B. M. disgram botwson A and B,
’ 1
a - ﬁ [Aren of B. bi. dingrnm bobwsan A and 5]
But B = slope at B =a,

Slope at B,

iy = .ﬁ:unf‘ﬂ.ﬁ:l'-di—agr;fm bedween A and B {1215}
If the slope at A is not gevo than, we have
"Totid changd of elope between B and A is egual to the erex of B. M. diagram between B
and A divided by e Texural Rgidity EI°
Arca of B M. between A and B

ar ﬂ# - a.1= El LA LB 1]
Now the deflection, due to bending of the portion P @, is given by
dlp =
Subsatituting the value of 40 from equation (i), we gt
M. g B
oy =x . BT LR

Since deflection at A iz assumed o be zero, hente the total deflection at B is obtained by
integrating the above equatish bobwesn the limits zero and I,

LaMode 1 (b
=k TEr 'E‘TL"”‘”

B-Hl.l't.'l: = Mae represents the monsent of area of the B, dingram of kmpth ae about
point

Henos f'_tl-f.#.: represents the moment of aren of the B.AM. diangram between & and A

about B. This ks equal to the totsl aren of B dingram between B and A multiplied by the
distance of tha C.0G. of the B.M. disgram aren from 8,

Loanga X L1LIT)

wheve A = Aran of B.M. diagram between A and B
7 = Distance of GG of the aren A from B.
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Deflection of Cantilevers
e — ]

13.1, INTRODUCTION

bl miﬁ m beam whose one end is fixed and other and ix fres, In this chapter we
Eubjmhvﬂhmt nf{ll'- "I:Ilthrll Bll:lj:l'l and deflection for the cantilevers when they are
finding deflections and slope of the simply supported ﬂﬁum: methods have also been used for

;hﬂuhhndallhtﬁﬁémdﬂi:;hﬂwninﬁgll hafure
: . 1. Al shows the positi
uny lsad is applisd wherons AR shows the position of the muﬁhic:'ﬂ:;;r: ilnr::j:t:']“"

-
1111111

Fig. 1.1
Considar & ssction X, at & distanse x from the fixed end A. The B.M. al this soctioy 1=

dven by,
M = WiL-x (Minus sign due to hagging)

But E.M. at any section is sk given by equation (12.3) as
Mg dy
] dr?
Equating the tws values of B, W et
mr Ly
;T::—H'I:L—I]l.-—“":ﬂ-l-w_i:
Tntegrating the above equition, we get

H%n—“‘&+

Wt

+C, (£

£54
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Integration again, we ped

E
R@--WL?4%’.£E"+¢,:+-:E )
where ) and £, are constant of integrations. Their values ave chtained {rom boundary eondi-

fans, which are - {fjat x = ﬂ.y-ﬂ{ﬂ}x-ﬂ,% =10

[AL the fixed end, deflection and slopes nre zara]

(£} By subetituting 1 =0, ¥ = t in sguation (i}, we get
O=0+0+0+0C; o =0

[E.Ele_l.rnﬁllih.ll:ing:-'ll.E-ﬂmmnﬁmﬁhmm
O=0+0+C, » C =0
Substituting the value of C) in equation (i), we get

1-
EIEE:_WLI-FT

]
- w{:.# - "?] . didi)

The: aguaticn (1) is known oz slope equation. We can find the slope at any point on the
cantilever by substituting the vahee of x, The slope and deflection are paximum at the En:e
end. These ¢an be determined by substituting = L in these equations,

ﬂll]:ﬂ.l.h.l.ll.mgll'lur.ullu.:l:f{-' :u.l:u:Iﬂ' in equation (i), we gel
] w 3
By — — WL '%- ; e ) =l O =00
Lx? o .
== [T—E] .|:I:-I.|}
The equatbon () b= eown s deffection squalion.

Lat E,::B]u}paatth&ﬂ%ﬁndﬂ'i_:.,[%

= D&flection st the free end 8

}nl.ﬂ :-B_ﬂa.l:u:l

lah Substituting @, for % atd = = L in eguation (i), we gut

2 &
Er.u-a._w[;. L—%] S

'
2
EB E :'Il? -|-': IEI-].J'
Megative sign shows that tangent at B makes an angle in tho anti-clockwize dimeetion
with AB
“'IIF
EIB = E _1:13.1.4.]
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(b} Substituting yp for ¥ and £ = L in equation (), we get
2 1 g a 3

2 i i |
8
Fp=- :;I - L 132}
(Megative 2ign shows that deflection is downwards}
, WL
Dowwnward deflection, vy = 3ET -[13.2 A]

13.3. DEFLECTHON OF A CANTILEVEE WITH A POINT LOAIN AT A DISTANCE *a’
FROM THE FIXED EMNIY

A cantilever AR of Jength L fised at point A and free at point B and carrying a point load
W at a distancs ‘a” from the fixed end A, 12 shown in Fig. 132

& L—n *
[ ; 1.': !H
REEEEE o= .E i 1.-
ST e
il 4
.
Fig. 132
Lat 8, = Sloge at point C ie,, [%} at L
¥y = Dheflection at point ©
¥y = Deflection at point 8
The portion AC of the cantilever may be taken ag similar 6o a cantilever in Art. 151 (re.,
load &t the fres endl
3
Op = gar (I equation (13.1 A) change L o a]
¥
and vp o ::r [ equation (13.2 A) changs L to al

The keam will bend only between A and C, but from C ta B 1t will remnin straight since
BAL between C and B &= zevo.

Since the portion GF of the cantilever is straight, therefare
Slope at € = slope at &
I."I.?a!i
ar HE; = BE: = E
Mow from Fig, 13,2, we have
¥y = ¥o+ Bl =}

i i 2
SR g { B - 'f'ﬁ‘f] A13.4)

(183
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Problem 13.1. A certilever of length 8 m is corrving a podei Tond of 25 &N ot the free
erd. df the moment of et af the beam = 10F mim? and value of E = 2.1 = 1° N mm?®, find
(i} slope of the cantilever at the free end and (i deflection of the free end,

Bl Gilven :

Length, f.m3ms= 800 mm
Point Lo W o= 26 kN = 26000 N
5 7 = 109 mm!

Valpe of £ = 2.1 « 10° Nimm?
4} Slope at the free end b8 glven by equacion (13.1 A)

Wi* 25000 » KD
u H rrrees B ma "-dl.
EUORT B2l dlt 2 1P v Ans.
(i} Defloction at the free end i given by equotion (153.2 A),
WL 25000 « 3000
T TR PrIS T ST 10,71 mm. Ans,

Problem L1312, A cartiferer of length 3 mis carrying a poind load of 50 &IV a o diatanee
of B m from éhe fixed end. IF 1 = 108 mm® and K= 2« 10° NV m®, find (i) slope of the free and
crd (o deffection af e froe and.

Bol Given :

Lenugth, L= 3 m o= 3000 pm

Frank koad, W= GO N = SO0 I

Mistunce betwsen the load and the {ixed end,
o =2 m = 30 mm

ML, I = 108 mm*

Value of £ = 2 x 10* N'mm*®
(1) EBlope at the fres end b= given by equation (13.3) as

Wa®  BOOD) = 2000

= = = L00G cad.  Amns.
' 2RI 2x8= 10" =107

(L} Deflection at the fres end is given by squakion {154} as

Wa®  Wel

Yo = 3g; ¥ aEr Ho
OO0 « 20007 SN0 & O00*
T Ee?x 10 210" 2w w10 x 107 {3000 - 2000)

w AT + S0 s 1157 mm.  Ans

g

134 DEFLECTION OF A CANTILEVER WITH A UNIFORMLY DISTRIBUTED LOAD

A cantilover AR of length L Axed at the point A and fres at the pobist B and carrving a
uniformly distributed load of o per unit length over the whele length, is shown in Fig. 12.3.
Consider a section X, at & distance x from the Ozed end A. The B.M. ai this section is
given iy,
- x)

3 {Minnz sign dus o hogging)

HJ--::-FL-::].
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g 13,3

But B.M. at any s=ction is also given by equation (12.3} ag

d'!
M = El
o
Equating the twe values of B.M., we get

g A2y
d!x’ = - —-[J:. P
Integrating the abave eguation, we gt

dy _wil-xf,
Bl G == gy D+

= L-sP+ L, -
|I'I.ltg'l‘.ﬂ.t.il:lg lﬂiﬂ. wea Eet

(L - =)t
4

-— E{L—r}' + O+ Cy wMEE]
where £ and C; are constant of integrations. Their values are sbtained from bewndary conds-

= 1) & 0 &

Ely = %

tioms, which are : (i) atx =0,y =0 and {f#) atx = 0, % = { (a5 the deflection and alape at fixed

enid A wre zerd .
(] By substituting x = 0, ¥ = 0 i eqguation (0], we geb
H.LL‘
0 = — et {L-l]:l"i-ﬂk:ﬂ-l-ﬂ':n- TS 'I'I;',

24
-I-I-I'L'

G g

(ii} By substituting s =0 and %-‘I}hmﬂiﬂu(ﬂ.wl&gﬂ

£p pel

0= E{L D+l = . +C,
-I-EL.

Gt
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Bubstituting the values of O, and O in equation (1) end (i), we get

dy _w g wll
Efﬂ# ol -z 'E T
] i
and =—% E—r]‘—%x+% i)

The equation (i) is lknown as slope equation and equation (o) as deflection equation.
From these equations the slops and deflection can be chiained at any sectians, To find the
alope and deflection at point B, the value of x = L is substituted in these ¢quations. -

Lot ft, = Blops at the free ond B Le., [%] at B

¥ = Deflection at the free and B.
From equation (i), we get slope at B as
wL.l
EJ.EH.:%{L—LF— s s

3
E 1]
.}a.-%.-% (- WaTotal lond = w.L} ..(18.5)

From equation (fo], we pet the deflection sl B as

w ol k!
Hﬂ'n"ﬁiﬂ-lr}*- 5 e
4 4 4
—wLT-Iw—r-—rEI; .niulL‘l-w—L
ikt e
Y= AEr - aEr (v W=l
Digwnwand deflection at B,
al! wi?
*8 ™ 5k " RET B

Problam 13.9. 4 coutifepar of lemgth 28 m cordiar o aRiformly distributed Toad of
6.4 kN per metre length over the enstlre lengeh. 57 the momond of inortin of tha benm = 785
% 107 mem? and velue of E = 2 = 107 N/mm®, determine tke deffection at the free end.

Hol. Given
Length, L= 2.5 mm = 2500 mm
1141, w = 16,4 kl'm
4 Total load, Wewxla164x25=4] kN = 41000 N
Value of T =796 = 107 mm®
Value of E =2 » 10F Mimm?
Lt g = Deflestion at the free end,
Using equation (18,81, we gt
_RLT 41000 « 25007
YBTBET T Bw2x 10F 2786 10°
= BAKI6 maw.  Ams,
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Problem 13.7. A cantilever of lemgth 3 m earriss fwo point lomds of 2 kN at the free end

and 4 kN at a distance of 1 m from the free erd, Find the defleciion of the free end.

Tuake B = 2 x 1P Nimm® and I = 10* mm?,

Sol. Given

LE-ElﬂIh, Lnﬂmlmﬂm

Load at free and, 'Hl".:El:.'.H:EMﬂH

Load at & distanes gne m froam fres cnd,
H."tu-iﬂ-!--iEmH

Distamaoe AC, a = 2 m = 2000 mm
Valuwe aof E =2« 10 Nimm®
Walwa of I = 10® mm*
Lat ¥, = Deflertion at the free end due to load 2 kY alone
¥y = Deflection nt the free and due 1o load 4 kI alone.
4 KM 2k

‘jh Gl ¥

ﬂ I‘ L]

¢ am +

Fig. 134

Dowrward deflection due to load 2 kN alone at the free end is given by equation (13.2 A}

B W2 SO0 = 0007
YiT 2Bl T ae2w10f « 10
Downward deflection at the free end dae to Joad 4 kN (i.e., 4000 N) alone at a distance

= U mb.

2 m fram fiwed end §s given by (13.4) es

K.NEHRU, M.Tech.,(Ph.D)
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3 gt
4000 = 20007 4000 = 20007
_Exlella'!-tlﬂi-rﬂzﬂxlﬂﬁulﬂst - '
= (54 + 0040 = 80 .
= Tetal deflection at the free end
.J’l#_'p"
w08 4 UM = LA mm.  Ans,
Problem 138 A contilower of length 2 m oorviss o uniformly distribaded load of
E.Emﬁrrlnm,ﬁ:rnk.h;g!hnf.l’.?ﬁmfmmlheﬂmdmdnndmpoimikadﬂflmdmm
md.ﬂndm:ﬁﬂwﬁmulmmmfs&psﬂﬁmitmmrrguhrﬂcmw&ismdhm

deep ond B = [ w 107 Nimm?®, Cannamalsi University, 18000
Hol. Given -
Length, L =2 m =200 mm
U.dl, o= 36 EMim = 2.5 « 1000 Nim
2.5 % 1003
= T Miam = 2.5 Nanm

Patnt load ot free and, W e 1 k8 = 1000 N
Diistanee AL, a =126 m = 1250 mm
Width, b= 1% mm
Depth, o = &4 mm

a gl
Value of I= % - 1 2

= 19924 e = 13524 10% mm® = 13524 = 10F mm*
Valus of E = 1= 10° Mimm?®
Tat jlzﬂeﬂectimatthllﬂm#mhpﬂ&nlludlmalm
wy = Deflection at the frep end dise to ud.L on length AC.
S Lha 10
- 136 + 0,75 m——*
i . | sm 5
“"-h-‘;-'::_-.
Fig. 137

(1 Mow the dewrwsrd deflection at the free end dus b pont Lol of 1 JE dar 1000 M at
the [ree end i given by equation {152 Al as
Wi 1000 ¢ E000°
R RTINS T T
{{i" The downward deflection at the froo and due Lo uniformly distritated load aof
2.5 Mimm on & length of 125 m {or 1250 man) is given, by squation (13.E)as

19AEB201 Aero Mechanics of Solids



_ zhw a5 L %b=1260
T OB 10% w LIA2 « 0T 6= 10° « L3AEL = 107
= 06619 & 04415 = (8934
o Total deflection at the free and due to point laad and wdl
=¥ ¥y = LH2E « 0900 = LO2M mm.  Ans.
: Problem 139, A contilever of length 2 m carries o aniformly distributed doed 2 kN
ooer o lengih of I m from the free end, and a point load of T &N at the froe end, Fend the alope
wred deflection af the free end if B = 2.1 % 10% Nimm® and [ = 8667 = 16° e,
Sol. Given ; (Sen Fig. 13.8)

(RO - L2RO)

Length. L =2 m = 2000 mm
2w 1000
vdl, w = 2 KN/m = S Nimm = 2 Nimm
Length HC, a= 1 m =100 mm
Paint load, W=1kN=1000 N
Valoz of E= 21 w 108 ¥imm?
Value of I'= 6867 = 107 mm®,
1kM
l,;j a P
| im =
1' 2m __I
Fig. 138

(i) Blapn af tke fron and
Let @, = Slope at the free end dae o point load of 1 kN {e, 1000 N
iy = Slope at the Mres end die to wd 1 on length B
The slope at the free sod due to o point load of 1000 M at B is given by squation (13,1 A
a3
B -II"‘I—L':iI (v Bp =B here
1 Ry - ] L
- 1000 * BH007
B i w10 w 60ET » 107
The slops at the free end due o w.d ] of 2 KN over a leagth of 1 m from the fres end is
given by equation (134} az

= (L0001 428 rod.

Lol -e®
I-tuﬁ_—ﬁﬂi’ {:: g = f, here)
2w B0)? 2 (2000 - 100077

T Ee 1% 10" % GOET 5 L BeZix 10" % BAET = 10
) = 0000150 - DLO00238 = B0001L6RE rad
. Totsl slope at the free end
=8, + li, = 00001426 + 0.0001666 = 00003094 rad. Ans.

(i Duflection af the free end
Let ¥y = Dallection at the froo end dus to point lead of 1000 M
¥y = Deflection at the free end dus to wd Ll on length B,
The deflection, at the froe end dus to pednt lesd of 1000 M iz given by squation (132 A) as
WiLE
N REr i Herey, =¥g)
1000 = B0
Te2% 10 = 6BET 10" = 01904 mm,
The deflection at the free end die to w.d.) of 2 Nimm over & bength of 1 m from tha fres
end ig given by equation (13,10 8z

4 4
wl!  [wll - g Wil - af “]

TSGR | T am  GEI
. . &= B000* . 2000 - 1000)*
B2 lx 107 wBEET % 10 (BB 1m 10" = GGHT = 107

, 2000 - 1000 % 1000
B 1w 107 o GRET = 10T
= 0LZBET = [[LO1TES + 0.0238] = 0,244 mm
+ Tatal deflection at the free end
=)+ 3y = L1904 4 0,244 = 04344 mm.  Ans,
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