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Session objectives

At the end of this session, the learner will be able to

1) understand 2D ISOPARAMETRIC problems in engineering
2) understand and analyze Natural co-ordinate systemsproblems
L earning Outcome dg,:‘g.

Students should be able to > &
1) understand 2D ISOPARAMETRIC problems in engineering

2) understand and analyze Natural co-ordinate systemsproblems
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Element Equation For Four - Noded Quadrilateral Element Using
Natural Coordinates

Strain - Displacement matrix equation

We know that the strain - displacement relations for a two dimensional element
is given by

perara iy

= VAR

e} =19
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The displacement function for parent rectangular element is given by

5 N, 0N, 0 N, 0 N, 07]|v,
v[ =0 N, 0 N, 0 N, 0 N,

where N, N, N_ and N, are shape functions. Also due to isoparametric characteristics,
the coordinates of general quadrilateral element can be expressed by the same shape
functions.
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We have to express the derivatives of function in x, y coordinates in terms of its
derivatives in g, n coordinates, since the shape functions N, to N, are the function of

£ and n.

ou ov
Hence to derive for element strains (i.e., e 5 etc) we must use the chain rule
of differentiation.
fu du dx cu &y
:::,, — — . + T
ot dx e @&y de
cu du ox ou dy
and —_— = . + .
an ox on dy on
Arranging the above equations in matrix form
E [6x oy [éu
4 %3 | 0e e | 5.4
— dul = |6x dy||du
on)  [én on] oy
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ou | Bu
> =
i ﬁ__aEL =’ T4 s F
99 &y |
Where J is the Jacobian matrix
ox oyl
& 68 [Jll J12:|
s E B Tl 0
o
OxX oy
where, J, = Y J, = 2
ox oy
9n = n’ 92 = n
én on
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From equation

— > le‘ + N2X2 + NSXS -3 l\I“X_1

y = lel + N2y2 ¥ Ngys + N4y4

N

J _ X =-a-l-\-1‘—x,+aN2X2+a£qsxa+ — X
11 oe s OE ce ce
gy _ ©N, N, ON, . N,

Ju:}_ﬁ— -"?_yl"'&Yz“Las}S &y‘
N

J: .= -(?_X_ = —-——aNl o 2 ——aN2 X, + CN3 Xg CA 3 X4
21 on en cn on
oy oN, &N, 5 ON, oN

2= on Ve T 0 e
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We know that the shape functions are given by

1
= — 1— 1= }
N 4{ e)(1-n

N, = i[l+ﬁ}{1-—‘l’ﬂ
- Z(1+9A+7)
N3~— E{1+E( + 1
N = ~(1-g)@+1)
i E - N
— S 1(—-1}}:(1-1]}= ix—(l—n}
e 4 4
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522 = %{1}x{1-n} = %“{1‘“7'
agr; = imxmn) = i—ﬂl”ﬂ
a;i _ i{_l}xﬂm;.: %:.:-mm
%‘“i_l - :liu-a:n:-u = %_{1_5}
5:;2 _ %{1”](-1) s i*—ﬂﬂ)
5;;3 = %(1%}(1} = ixilw}

aiﬂ. _ %{1_5}{1} — :11—:{(1—&:]
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Substitute above values in equations
1

J. = E[—{l-n]xl+(1—n:|xﬂ+{1+n::xa-{1+n}x4]
J, = i[-[l—n)y1+{l—n}yz+{l+njy3—{1+n}y4}
d, = %[-(1'—5]11—(1+E]KE+‘:1+E]1{5+|[1—E:J':{4]

J = %[-fl—E]FI+E1+E}FE +(1+e)y, +(1-2)y,]
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Substituting above values in equations and writting in matrix form as
%, Y1-
1[-(@-n) (@-n) (1+n) -(1+n)| |% ¥,
1= 3| _(1-¢) -(1+e) (1+s) (1-¢) | |2 s
| Xy Y
From equation , we know that
r—a}iw ,auw
Ox 2
loaf = W17 {508
07 | én,
5
-} |=—
Jll Jl2 asL
= |Jy 9] 0w
Cul
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ou
ie <zr= _1_{‘122 _J]?
’ — |J| "Jm Jll
oy

where [J| is the determinant of Jacobian matrix.

SFEE

Following the same procedure for displacement v, we can write

(ov) -
1zr= ﬁ]-_|:J22 _an E
— I | - J21 Jl] i\{
| OY ) on
Now equations | Of yields
FEI
strain {e} = {€, .
I~T'—“i_‘l-'_l,
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[Su )

CE

T, g, i

1 on
= 777 0 0 —Ju Ju |t
_le Ju J22 _Jw E

ov

ul

We know that,

u = Nu, + Nyu, + Nyu, + N,u,

v = Nywv, + Nyv, + Nov, + Nwv,
— % = 5;‘ .- S u, + 5;3 u, + E;‘:, u,
;—j:: — 557]1 u, + 5;: u, + E;NJ u, + Lol u,
—gs—v = 5;:1 v1+a§; v2+6§:3 v3+a—;iv4
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Substitute the values of equations (1) to (viii) in equations

we gel
% = %[—(l-q}uﬁ(l—n]uz+[1+n]u3—(1+n]u¢]
% o ?1_[_(1_5]11]—(1+s)ug+(1+E)u3+(1—EJ11..]
% _ i[-u_nnl+f1-q}vg+{1+mv3—(1+n)v4]
aﬁq _ i[_ﬂ_g]vl-(1+E)ug+(1+e}v3+(1-a}vdl
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Writing in the matrix form, we get

-(1-n) 0 (1-mn) 0 (+m) 0 -(1+m) O
-(1-g) 0 - (1 +¢€) 0 (1+¢€) 0 (1-¢) 0
0 -(1-1n) 0 (1-m) 0 (1+n) 0 -1 +m)|
0 ~(1-¢) 0 -1l+g) 0 (1+¢g) 0 (1-¢) |

W | =

SFEEEEIERE
|
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Substituting the equation in equation

& | [J ~J, 00 ]
&t=—=f0 0 -J, I, |
Yx

El}
¥ i [__ JEI Ju JEE - JI:E_E

-1-n) 0 (1-m) 0 A+n) 0 -1+ 0
1|-(1-¢) 0 -(1+¢) 0 (1+¢€) 0 (1-¢) 0
4 0 -@-m) 0 (d-m 0 (d+m) 0 -(1+m
0 -(-8& 0 -Q@+g) 0 (A+8) 0 1-8) |
A
v]
U,
Vg
K*us
v, e )
uy
[V
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lLe., {e} = [B] {u}

Where [B] - strain -displacement matrix

" Jdoy, —dp; 0 0
[B] = m 0 0 -dy  Jy | x
- le JI] JEE o Jm_
-(1-7) 0 1-1n) 0 1+m) 0 —(1+n) 0
l - (1-g) 0 - (1 +g) 0 (1+¢) 0 (1-2¢g) 0
4 0 -(1-mn) 0 (1-7n) 0 (1+mn) 0 -(1+mn)
0 -{1-g) 0 —{1+¢) 0 (1+¢g) 0 (1-g)
s K ))
l"]-11 Jl?
and |dJ =
1 Jy Ju
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Stress - Strain relationship matrix
The element stresses for two dimensional element is given by
{o} = [D] {e}
= [D] [B] {u}
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.
Where {o} = (% (- Element stresses
(Txy
ex
{e} = ¢ . — FElement strains
Vxy
[D] = stress - strain relationship matrix

i.e., For plane stress condition
Where, E - Young's Modulus

1 u O u — Poisson’s ratio
[D] = . slu 10 and [B] - Strain - displacement matrix
" 0 0 1-p {N} - Nodal displacement vector
! ¥
For plane - strain condition
[ 5
1- 0
(D] = = u “ 1 -F-l TR
Q+p) Q-2 i
0 0 _2_L
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Stiffness matrix for isoparametric quadrilateral element

We know that element stiffness matrix for any element

(K] = |(BI"[D]I[Bldv

For isoparametric quadrilateral element

11
(K] = t [ [[BI"[D][B]|J]|dsdn
=1=1

Where, t - Thickness of the element
|d| - Determinant of Jacobian matrix

The size of the element stiffness matrix is (8 X 8) Element force vector
The element force vector is given by

(F
= T x
{F}, = [N] TF}

Where, N is the shape function
F isa load (or) force on x direction

F is a force on y direction
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Thank You
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