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Vector differential operator:   𝛁 
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• 𝛁 ≡
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 = 𝒊

𝜕

𝜕𝑥
+ 𝒋

𝜕

𝜕𝑦
+ 𝒌

𝜕

𝜕𝑧
 

• The operator 𝛁 is known as ‘Nabla’ 
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The Gradient:   𝛁𝝓 

• Let 𝜙 𝑥,𝑦, 𝑧  be defined and differentiable at each point (𝑥, 𝑦, 𝑧) in a 
certain region of space. Then the gradient of 𝜙, is defined by 
 

𝛁𝜙 ≡
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 𝜙 =

𝜕𝜙

𝜕𝑥
𝒊 +

𝜕𝜙

𝜕𝑦
𝒋 +

𝜕𝜙

𝜕𝑧
𝒌 
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N.B.: 𝛁 ∙ 𝑽 defines a scalar Field 

The Divergence:   𝛁. 𝐕 

• Let  𝑽 = 𝑉1𝒊 + 𝑉2𝒋 + 𝑉3𝒌   be defined and differentiable at each 
point   (𝑥, 𝑦, 𝑧)  in a certain region of space.  

• Then the divergence of   𝑽, is defined by 

∇ ∙ V ≡
𝜕

𝜕𝑥
𝑖 +

𝜕

𝜕𝑦
𝑗 +

𝜕

𝜕𝑧
𝑘 ∙ 𝑉1𝑖 + 𝑉2𝑗 + 𝑉3𝑘 =

𝜕𝑉1

𝜕𝑥
+

𝜕𝑉2

𝜕𝑦
+

𝜕𝑉3

𝜕𝑧
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The Curl:   𝛁 × 𝑽 

• Let  𝑽 = 𝑉1𝒊 + 𝑉2𝒋 + 𝑉3𝒌   be defined and differentiable at each 
point   (𝑥, 𝑦, 𝑧)  in a certain region of space. Then the curl of   𝑽, is defined by 

𝛁 × 𝐕 ≡
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 × 𝑉1𝒊 + 𝑉2𝒋 + 𝑉3𝒌

=

𝒊 𝒋 𝒌
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑉1 𝑉2 𝑉3

 

N.B.: 𝛁 × 𝑽  defines a vector field 



Some properties 
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1. 𝛁 × 𝐕 ≡

𝒊 𝒋 𝒌
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑉1 𝑉2 𝑉3

=
𝜕𝑉3

𝜕𝑦
−

𝜕𝑉2

𝜕𝑧
𝒊 −

𝜕𝑉3

𝜕𝑥
−

𝜕𝑉1

𝜕𝑧
𝒋 +

𝜕𝑉2

𝜕𝑥
−

𝜕𝑉1

𝜕𝑦
𝒌 

2. 𝛁 × 𝐀 + 𝐁 = 𝛁 × 𝐀 + 𝛁 × 𝐁 

3. 𝛁 ∙ 𝜙𝐀 = 𝛁𝜙 ∙ 𝐀 + 𝜙 𝛁 ∙ 𝐀  

4. 𝛁 × 𝜙𝐀 = 𝛁𝜙 × 𝐀 + 𝜙 𝛁 × 𝐀  

5. 𝛁 ∙ 𝐀 × 𝐁 = 𝐁 ∙ 𝛁 × 𝐀 − 𝐀 ∙ (𝛁 × 𝐁) 

6. 𝛁 ∙ 𝛁𝜙 ≡ 𝛁2𝜙 =
𝜕2𝜙

𝜕𝑥2 +
𝜕2𝜙

𝜕𝑦2 +
𝜕2𝜙

𝜕𝑧2  

 7. 𝛁 × 𝛁 ∙ 𝑨 ≡ 𝟎 

8. 𝛁 ∙ 𝛁 × 𝑨 ≡ 𝟎 
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Problem 1: If 𝜙 𝑥, 𝑦, 𝑧 = 3𝑥2𝑦 − 𝑦3𝑧2, find 𝛻𝜙 at the point (1, -2,-1). 

Solution: 𝛻𝜙 =
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 3𝑥2𝑦 − 𝑦3𝑧2     

= 𝒊
𝜕

𝜕𝑥
3𝑥2𝑦 − 𝑦3𝑧2 + 𝒋

𝜕

𝜕𝑦
3𝑥2𝑦 − 𝑦3𝑧2 +  

𝒌
𝜕

𝜕𝑧
3𝑥2𝑦 − 𝑦3𝑧2   

= 6𝑥𝑦  𝒊 + 3𝑥2 − 3𝑦2𝑧2   𝒋 − 2𝑦3𝑧  𝒌 

 

𝛻𝜙 
(1,−2,−1)

= 6 1 −2  𝒊 + 3 1 2 − 3 −2 2 −1 2  𝒋 

−2 −2 3 −1  𝒌 
= −12 𝒊 − 9 𝒋 − 16  𝒌 
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Problem 2: If 𝑨 = 𝑥2𝑧 𝒊 − 2𝑦3𝑧2𝒋 + 𝑥𝑦2𝑧 𝒌 , 
find 𝛻 ∙ 𝑨 at the point (1,-1,1). 

Solution: 

𝛻 ∙ 𝑨 =
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 ∙ 𝑥2𝑧 𝒊 − 2𝑦3𝑧2𝒋 + 𝑥𝑦2𝑧 𝒌  

 =
𝜕

𝜕𝑥
𝑥2𝑧 +

𝜕

𝜕𝑦
−2𝑦3𝑧2 +

𝜕

𝜕𝑧
𝑥𝑦2𝑧   

 = 2𝑥𝑧 − 6𝑦2𝑧2 + 𝑥𝑦2  

𝛻 ∙ 𝑨 
(𝟏,−𝟏,𝟏)

= 2 1 1 − 6 −1 2 1 2 + 1 −1 2

= −3 
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Problem 3: If 𝜙 =  2𝑥3𝑦2𝑧4, find     𝛻 ∙ 𝛻𝜙 . 

Solution: 𝛻𝜙 =
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 2𝑥3𝑦2𝑧4   

 = 𝒊
𝜕

𝜕𝑥
2𝑥3𝑦2𝑧4 + 𝒋

𝜕

𝜕𝑦
2𝑥3𝑦2𝑧4 + 𝒌

𝜕

𝜕𝑧
2𝑥3𝑦2𝑧4   

 = 6𝑥2𝑦2𝑧 𝒊 + 4𝑥3𝑦𝑧4𝒋 + 8𝑥3𝑦2𝑧3 𝒌  

Then, 

𝛻 ∙ 𝛻𝜙 =
𝜕

𝜕𝑥
𝒊 +

𝜕

𝜕𝑦
𝒋 +

𝜕

𝜕𝑧
𝒌 ∙ 6𝑥2𝑦2𝑧𝒊 + 4𝑥3𝑦𝑧4𝒋 + 8𝑥3𝑦2𝑧3 𝒌  

 =
𝜕

𝜕𝑥
6𝑥2𝑦2𝑧 +

𝜕

𝜕𝑦
4𝑥3𝑦𝑧4 +

𝜕

𝜕𝑧
8𝑥3𝑦2𝑧3   

 = 12𝑥𝑦2𝑧4 + 4𝑥3𝑧4 + 24𝑥3𝑦2𝑧2  



THANK YOU 
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