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UNIT 3- DIFFERENTIAL CALCULUS ENVELOPE

Definition

Let/ (X, 7:@) =0 e 3 single parameter family of curves, where ¢ is the parameter. The envelope
of this family of curves is a curve which touches every member of the family.

y=mx+—.
1. Find the envelope of the family of straight lines m

y:mx+i:>my:m2x+l
Soln: m

2
= xm” = ym+1=0, yhich is a quadratic in the parameter m.
Hered =% B=-y,C=1
“. The envelope is B” —44C=0
= ' -4x=0
2
= y :4x.

2. Find the envelope of the family of lines

y=mxtNa’m® =b*, ypere mis the parameter.
Soln: Given the family is ¥ =™MXEV a’m’ =b*, s the parameter.
= y-mx =+Va'm’ b
= (y—-mx)’ =a’m’ -b’

=y’ —2mxy+m’x’ =a’m’ - b’
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= mz(x2 —azz)—Zrmcy+(y2 +b*)=0
This is a quadratic inm
Here 4 =x’—a’, B=-2xy,C=y>+b’
" The envelope is B” —44C =0
— 4x°y? —4x* —a’ )y +b*)=0
=Xy —(x*y +b’x*—a’y’—a’h’)=0 [+by4]
— b’x*—a’y’ —a’h’ =0
—b*x?—a’y? =a’b’

2 2
X y:1

= a° b’
3. Find the envelope of the straight lines represented by

XCOSQL+ySiNQ =a seCa, where & jsa parameter.

Soln: Given XC0sa +ysina = a seca
Dividing by 8%  x+ytana =a sec’ a

=a(l+tan’ a)
= atan’oa—ytana+(a—x)=0

which is a quadratic in tan Ol
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Here 4=a, B=-y, C=a-x

2
:. The envelopeis B —44C=0 = ¥ —4a(a=x)=0, which is the envelope.

is the envelope and it is an ellipse.

£+Z=]

4. Find the envelope of the family of straight lines @ & where the parameters a and b are related by

the equation ¢ 2" =¢":¢ peing a constant.

£+Z=]
Soln: Given @ b .. (1)
@+ b =" Q)

Differentiating (1) and (2) with respect to a, treating b as a function of a,

we get

=1
Diff. w.r.to a

W="+7
a b

_x _ydb_o_ db_ bx

2

a> b’ da da  a h% ..

and Q)= a" +b" =C" piff. wrto a

n—1
na"' +nb"" -d—bzo = d_b:_a__l
da da b" )
— b2 X _ an—l
2 T T
From (3) and (4); a‘y  p"
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X Y
= 2
roooxy
= a-b_a b___
a b a’"+b ¢” [Using (2)]
x 1
n+l __n
e
= a:(c” x)”“
1
b= M n+l
Similarly (C y)

Substitute in (1)

x Y

winl _1/ntl Pyl
c . c .

n n n

=yl gyl = il

which is the required envelope.
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