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Canonical form 

 Reduce the quadratic form 2𝑥1
2 + 2𝑥2

2 + 𝑥3
2 + 4𝑥1𝑥2 = 0 to canonical form by orthogonal 

reduction .Find rank, index, signature and nature 

Step 1:  

 The matrix form is 

     𝐴 = [
2 2 0
2 2 0
0 0 1

]  

Step 2:  

 Characteristic  equation ,Eigen values,Eigen vectors 

C1 =Sum of leading diadonal elements 

       =2+2+1 =5 

C2= Sum of minors of leading diagonal elements 

     =4 

C3=|𝐴| 

     =|
2 2 0
2 2 0
0 0 1

| 

     = 0 

  The characteristic equation is  

      𝜆3 − 5𝜆2 + 4𝜆 = 0 

The eigen values are 0,1,4 

The eigen vectors are  (𝐴 − 𝜆𝐼)𝑋=0 
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[(
2 2 0
2 2 0
0 0 1

) − 𝜆 (
1 0 0
0 1 0
0 0 1

)](

𝑥1

𝑥2

𝑥3

) = 0 

(
2 − 𝜆 2 0

2 2 − 𝜆 0
0 0 1 − 𝜆

)(

𝑥1

𝑥2

𝑥3

) = 0 

 

(
2 2 0
2 2 0
0 0 1

)(

𝑥1

𝑥2

𝑥3

) = 0 

CASE (i) 

When 𝜆 = 0 

   

(
2 2 0
2 2 0
0 0 1

)(

𝑥1

𝑥2

𝑥3

) = 0 

The cofactor of first row elements are (
2

−2
0

) ie (
1

−1
0

) 

The Eigen vector when 𝜆 = 0 is (
1

−1
0

) 

CASE (ii) 

When 𝜆 = 1 

(
1 2 0
2 1 0
0 0 0

)(

𝑥1

𝑥2

𝑥3

) = 0 

The cofactor of third row elements are (
0
0

−3
) ie (

0
0

−1
) 



UNIT 2 – ORTHOGONAL TRANSFORMATION OF A REAL 
SYMMETRIC MATRIX                                              

Canonical form 

  23MAT101- MATRICES AND CALCULUS             Dr.G.Nandini/AP/Maths SNSCT Page 3 
 

The Eigen vector when 𝜆 = 1is (
0
0

−1
) 

 

CASE (iii) 

When 𝜆 = 4 

(
1 2 0
2 1 0
0 0 0

)(

𝑥1

𝑥2

𝑥3

) = 0 

The cofactor of first row elements are (
6
6
0
) ie (

1
1
0
) 

The Eigen vector when 𝜆 = 4 is (
2

−2
1

) 

STEP 3: 

 To check pair wise orthgonality 

      𝑋1
𝑇𝑋2 = (2 −2 0)(

0
0

−1
)  = 0   

         𝑋2
𝑇𝑋3 = (0 0 −1)(

1
1
0
)  = 0   

        𝑋3
𝑇𝑋1 = (1 1 0) (

2
−2
0

)  = 0   

STEP 4:  

        To find normalized vector 
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Eigen vector l(x)=√𝑥1
2 + 𝑥2

2+𝑥3
2 

 
Normalized vector =(

𝑥1/𝑙(𝑥1)
𝑥2/𝑙(𝑥2)
𝑥3/𝑙(𝑥3)

) 

(
1

−1
0

) 
√1 + 1 + 0 =√2 

(

 
 

1/
√2

⁄

−1
√2

⁄

0 )

 
 

 

(
0
0

−1
) 

√0 + 0 + 1 =√1 
(

0
0

−1
) 

(
1
1
0
) 

√1 + 1 + 0  =√2 

(

 

1
√2

⁄

1
√2

⁄

0 )

  

 

STEP 5:  

        Normalized modal matrix 

   N =

[
 
 
 

1
√2

⁄ 0 1
√2

⁄

−1
√2

⁄ 0 1
√2

⁄

0 −1 0 ]
 
 
 

 

 

   NT =

[
 
 
 
1

√2
⁄ −1

√2
⁄ 0

0 0 −1
1

√2
⁄ 1

√2
⁄ 1

]
 
 
 

 

STEP 6:  

       NNT = NTN =I 
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NTN  = 

(

 

1
√2

⁄ −1
√2

⁄ 0

0 0 −1
1

√2
⁄ 1

√2
⁄ 1

)

 

(

 
 

1/
√2

⁄ 0 1
√2

⁄

−1
√2

⁄ 0 1
√2

⁄

0 −1 0 )

 
 

 

          = (
1 0 0
0 1 0
0 0 1

) 

          = I 

STEP 7:  

To find diagonalyze matrix 

      NTAN     =  D 

           NTA   =     

(

 

1
√2

⁄ −1
√2

⁄ 0

0 0 −1
1

√2
⁄ 1

√2
⁄ 1

)

 (
2 2 0
2 2 0
0 0 1

) 

                       = (

0 0 0
0 0 −1

4
√2

⁄ 4
√2

⁄ 0
) 

         NTAN     =  (

0 0 0
0 0 −1

4
√2

⁄ 4
√2

⁄ 0
)

(

 

1
√2

⁄ 0 1
√2

⁄

−1
√2

⁄ 0 1
√2

⁄

0 −1 0 )

  

                          

                         =(
0 0 0
0 1 0
0 0 4

) 

 

                         = D 
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Step 8: 

 YTDY = 0 

0𝑦1
2 + 𝑦2

2 + 4𝑦3
2 = 0 

The index p=2 

Rank r=2  

Signature s=2p-r =2 

The nature is semi positive 


