UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

2 1 0
0 2 1
0 0 2

1. Find the eigen values and eigen vectors of

Solution:
To find the characteristics Equation and eigen values

2 1 0
0 2 1

0 0 2

Let A =

The characteristic equation is given by |A — AI| = 0

-VD2-1H2-1)=0
A=222

The eigen values are 2,2,2.

To find the eigen vectors

X1

xz] isgivenby (A— ADX =0
X3
2—A 1 0 X1 0
0 2—A1 1 X21 =10
0 0 2—A11x3 0

(Z_A)x1+x2+0x3:0

The eigen vector X =

Oxl + 0x2 + (2 _A)x3 = 0

Case(i)
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

When A = 2, the system of equations (1) becomes

0x1 + Xo + OX3 = 09(2)
0x1 + OxZ + X3 = 09(3)
0x1 + OxZ + OX3 = 09(4)

Taking equation (2) and (3), Applying cross rule method we get

X1 X2 X3
0 1 0 0

The eigen vector is X; =

1
0
0

Since the second and third eigen vectors are same,

1 1
we have X, = |0 and X5 = 0]
0 0
Characteristic Equation Eigen Values Eigen Vectors
T
X, =10
/‘11 = 2 -0_
T
_ 3 — XZ = 0
2-2)°=0 Ay =2 o,
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

PROBLEMS ON SYMMETRIC MATRICES WITH DIFFERENT EIGEN VALUES

1 0 0
1. Find the eigen values and eigen vectors of [0 3 —1]

0 -1 3
Solution:

To find the characteristics Equation and eigen values

1 0 0
Let A=|0 3 -1
0 -1 3

The characteristic equation is given by |A — AI| = 0

1-D[B-MH*-1]=0

1-1=0 , [B3-)2-1]=0

A=1 , 9+2—-61—-1=0
22—61+8=0
A=4, A1=2

The eigen values are 1,2,4.

To find the eigen vectors

X1
xz] isgivenby (A— ANX =0
X3

The eigen vector X =
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

1-2 0 0
0 3—-4 -1
0 -1 3-1

X1
Xyl =

X3

(1 —/1)961 + Oxz + OX3 =0

0X1 + (3 - A)XZ - X3 = 0(1)

Ox; —x,+(3—2A)x3=0
Case(i)
When A = 1, the system of equations (1) becomes
0x; + 0x, + 0x3 = 0>(2)
0x; + 2x, —x3 = 0>(3)
0x; — x5 + 2x3 = 0> (4)

Taking equation (2) and (3), Applying cross rule method we get

X1X, X3
-12 0 -1

The eigen vector is X; =

1
0
0

When A = 2, the system of equations (1) becomes

Case(ii)

_xl + Oxz + 0x3 = 09(5)

0
0
0

|
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

0x1 + Xy — X3 = 09(6)

0x1 - xZ + X3 == 09(7)
Taking equation (5) and (6), Applying cross rule method we get

X1X3 X3

R

X1 X2 X3
0 -1 -1

The eigen vector is X, =

0
1
1

When A = 4, the system of equations (1) becomes

Case(iii)

—3x; + 0x, + 0x3; = 0>(8)
0x; —x; — x5 = 0>(9)
0x; — x5, — x5 = 0>(10)
Taking equation (8) and (9), Applying cross rule method we get

X1 X2 X3

(-)1><-10 >< 0-§< (-)l

The eigen vector is X3 =

0
-1
1
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

Characteristic Equation Eigen Values Eigen Vectors
1
X; =10
Al - 1 1 0

— )3 =

(2 /1) 0 AZ =2 0
X, =11
1
Ay =4 0
X3 = —1
1

PROBLEMS ON SYMMETRIC MATRICES WITH REPEATED EIGEN VALUES

2 -1 1
1. Find the eigen values and eigen vectors of [—1 2 -1
1 -1 2

Solution:
To find the characteristics Equation and eigen values

2 -1 1
-1 2 -1

1 -1 2

Let A =

The Characteristic equation is given by
B—cA4+cA—c3=0
Where
c;= Sum of leading diagonal elements
=24242
=6

c,=Sum of the minors of leading diagonal elements.
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

=15 S+ oS
=34+3+3
=9

cs=det[A]

2 -1 1

=-1 2 -1

1 -1 2
=24-1D)+1(-2+1)+11-2)
=6—-1—-1
=4
Sub the values of a4, a,, a; in characteristic equation

B—c2+cA—c3=0
Weget A3—6A2+9A—4=0
To find eigen values
A = lisaroot. 1 6 9 -4
0 1 -5 4
1 5 4 0

M —50+4=0
A=4 A=1

The eigen values are 1,1,4.

To find the eigen vectors
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UNIT I - MATRIX EIGENVALUE PROBLEM

Eigen values and Eigen vectors of a real matrix
X1
X2
X3

The eigen vector X = isgivenby (A— ADX =0

2— A -1 1 X1 0
TR [
1 -1 2 — AllX3 0

(Z—A)xl—x2+X3=0

—x;+ (2 —Dx, —x3 =0(1)
X1 —x,+(2—=Ax3=0
Case(i)
When A = 4, the system of equations (1) becomes
—2%1 =X, +x3=0> (2)
—x; — 2x, — x3 = 0>(3)
X, — X, —2x3 = 0> (4)

Taking equation (3) and (4), Applying cross rule method we get

X1 X> X3

XX R

-1
-2 -1

The eigen vector is X; =

1
-1
1

When 4 = 1, the system of equations (1) becomes

Case(ii)
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

X1 — X2 + X3 = 09(2)

—x1 + 2x, —x3 = 0>(3)
X1 —x; +x3 =0>(4)
The above equations are same
Hence we take any one of the above equation as x; = x, — x5

Put Xy = kl,X3 = k2

We have X, = ky

ky — kz]
k;

The simplest Eigen vector is obtained by putting k;, =1 ,k, =0
1
1
0

The eigen vector is X, =

We get X, =

1
1
0
The other Eigen vector for A = 1 is obtained by putting k;, = 0 k, = —1

1
Weget X;=|0 ]
-1

Characteristic Equation Eigen Values Eigen Vectors

X1:

1
-1
)11:4 1
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UNIT I - MATRIX EIGENVALUE PROBLEM
Eigen values and Eigen vectors of a real matrix

A3 — 62 +9A—4=0 A =1
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