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Droblems on Vibrating Sking with Zevo initial Velecity :

i be ol {{ochedd
{.’IY ' ‘A

@ A uniform String 8 Stretched and -fastened to two
Points x=0 Qnd A= 4 apart . Motion is Started by
digplacing the /string into the form of the curwve Y= Ka(l-x)

\l & +then veleaged from -this Position at time t=o0 . Derive
the expression for the dis placement of any point on the

’Sb“‘ﬂ at a distance %’ From one end at time t .

Solution ;
M Pt . Lj /\
Step 1: The wave eovuation is ,
' . a® Py
Stef a: at’— axl }///
B.c () : gto,t)=o—fov all £t>o & x

B-c @) i y(ak)=0 +for all £ >0

T.c (i (E)El >
2t /ex,0)

Yy (x,0) = kx(L-x) ,0<x2 L  (initial displacement)

-6 ,0<x24 (- initial velocity is Zexo)

TI.c @Uv):

Sk e suitable Solution which -Satisfies our boundary -

conditions Qre 8iv¢m by, - )
3(:7( k) = (¢ ()05037(—;—C:a.l\ginpi!)(c3 Co.spat%clf\mpat)
Skep 4 - o an @, we qet
. APF'HMS condition (i) 1IN n (@, 9
‘360,6) = (C,+0)C63 @spat—#clfsinpat) = 0.

Heve (Cjz Cos pat + ¢y Sin pat) + 0 , Since it
is defsned for all £70.
..' {‘C‘ -0 I

Subs € =0 in €¥n (D, we g,gt_—l
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ot (x,€) = €, Sin px ( €3 Cos pat +Cy Sin pat) — (2)
ep 5 ¢ . .
I ZPP}ng condition (-n) In €e%n @ , we get
Yo, k) = ¢, Sin pd (¢; cos pat + €y Sinpat) =0 .
Heve (Cj Cos pat + Cy Sin pat) o0 , since ik is

defined 607’ all t >0

] =0
Teretore eithey ¢4 =0 OFY Sin P,ﬂ

:fg we take Cy =0 we 366 a twivial ~solution .

Take Sin pl = 0.
Sin pL = Sin nm (°

2 Gin nT = O)

P2 = nT

e |
[P: L= , where n is an integer.
f
!

éubstituting P=- N jn eovn @ , we Sel:
A

5(9(,&) = C, Sin nmx (c3 Cos nTrat C# Sf”ﬂa_é_
. 4 A -
Skep b — G

Diff 3) w.ore ‘'t Ppastialy ,we Jet.

(_?,H_) = £, Sin NTX (- Cy (H‘ffﬂ) Sin nTat + ¢, gnﬂq]
ot (x/t) 4 = L &

Cos nrat
L

Now appljing Condition (i) , we 3@&

04 :cginnwx(o+c# nvra)so
<at )(X,D) T (%)

c. ¢, (nma) Sin nTX _ o
?'2*(4) 2

IE is de(g.‘ned Hfor all x

Heve ¢, 4+ 0 , Sin nTX £o
A

and nTa_ Lo since all are Constank .
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whae Ch = & ;. o
S&eg']—: “The most 8@&0! Loluton & ,

> A o MTat 5 (8
(x,t) = c Sinn
3 N=1 ’n ) 1 ¥ -

e

Step 8:
Applyinj B.c (iv) In €9n @ we have

Yo - Z G ST = kx(1-0 —®
' i A
Stepq : n=

AL

To_find Cn - |
Expand Kkx (4-7) in a halg Sange fousies Sine

Aesdies in the intesval (o,2).

Kx(L-%) = 2 b, Sin nTX .—‘7@ wheie
A

nN=) 3 ,(
by = 2 (Fix)Sinnm
me@&@ by = Cn _IJ 2
| ' B dr
o :_‘Q__‘J K (A—2) 8in nTA dx
A ¥,
(%)
° 2
| . - KR~ KX
o 4 U= kL-akx
/0 u"c _ak
4 (k- akx) XS Ginnmx i = i
nl.n.l- -
LV, = —(log nTX /_'JL"'
— k. A2 cos hTa 9 A ' ‘ - /7
2 2 } Y = - &in nTX /n"ﬂ"
J, . 6
{ | Yﬂ -

Cos nmx / 373
13
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3
Ch = 2 —ak L~ o5 nmx
33 0

—

(o]

2
=kt {COSHTT—COSO‘G
R E

2

o= A -0

BEpE
e, (o, if niseven
2
E__ ,if nis ocdd |
' 3.3 f
i n® 1r ]

L — - e get
C. n €an @ J
Skeglo:/subs the value 06 "
od

2% aip nTX Ccos T2t
y(ae) = Z— gL __gin

33 1
h:Odd n3.'T3 A
2 00 | Sin hTTA CoS nTat
/-'——" /
BCx,t) - §kK& = 3 5 —T
Tr'3 H:Ddd
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3 A tightly stretched sbing with Fized end points
x=0 and X<l I8 ini{:iallj in a poSition 9iven by

Y(x,0) = y Sin® Ta . Tf ik is Aeleased From vest Lrom
1

‘4, ‘-’ ‘l:his POSiEion —and —the d"SP'QCernin: y at a”y dismn@
o X from one end at any +ime €.

Solution :
R e D P )!
é’fﬁﬂli “The wave exuation 16 y
2
92'.1 _ o> 3y |
Ste[a: at’* 811 3(7(,0):30 S’h-,—‘j'—‘f
The bounda'rj conditions Ave \
() yeork) =0 for all £70 L;“_ o
[ -0 Jorall t>0
) yeue) | -
) 0 b2 x2 X (initial velocity ic )
(" (/g’> -0
‘(740)
3
1 T beXx <4,
(v) YCro) = Y, Sin LLSY

= 3:Tﬁ quitalole Selution which gatis fies oun boundazy
e s e

Conditions a7e given by,
yenit) = (c cos pxX+G SlnPX)

n ean (), we get,

(¢, Cos pat 4c, Sin pat)
—0

dition )
St_,f/v Al';Plamg Con -
Yo = (¢, cos pIH ¢y Sin pi) (c; cogpat + cksmpar)o

'C, (¢, Cos pat + Cy Sinpat) =0

. . ab .S
H ¢, Cos pat + Cy Sin pok # 0 | since Tk T
eve 3

de&n ned -tor all —I:7o .

Subs ¢, =0 in €4 (O, we Jet,

. "
youe) = G Sin pr ( €, C0S pat + ¢, Sin p )

—@
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Step 5
B i i ean ® we get
PF’HI"g con ltlon (") N
YL, t) = ¢, Sinpl ( ¢; Cospat+ ¢y Sin pat) =o.
i Since 1k 1S
Heve (¢, Cos pat + Cy Sin pat) #0 , 3
defined for all t 70 .
i L =0 .
’muekore either ¢y =° ov Sin p |
If) take C, =0 wt get a brvial ~Solution .
we g =
Take S&npl =0 - | y
Sin pA = gin nr (. Sin AT =

p- nl_  Wwhere N 15 an Integ

1 Tat + ¢, Lin hmat
yonk) = G Sin n‘l/T’zx (c3 cos m,( + ¢ T O
Ske,-é: "V, . > (3]
DiFF @) wTt ¢t Paahally , we 3@&,
in NTY i E nia
(28) < st (-6 () siv ot vc, (7

Cos rﬂTat)
Now aPle’rnj condition (in) , we g« A

2 - srﬂ( CnTFQ):D
(_5%_) C&"/t o+4(l)

(x,0)

nma\ Gin nNTX =0
7 Q% (T) 1

Heve ¢, # 0, 8in MX Fo it is defined for all 2
B}

and nTa Lo &ince all ave constants .
2

L ‘;:Clr:o

%

L6ubs €y =0 in ean (3), we et

SN TS IR MO
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ch/k) = C& CJ 8in ntx (o5 nTatk
A 1

Yo e) = ¢, Sin ”7;" cos mrjt — ®

where ¢ = G ¢,

WS&\'R’“‘E 1 &olution 15,
“The most 32112201 . @
cos N —

nmx ket
L

oo in
yeae) = = ¢, © U
n=1
§E€E 8 i condition (fv) [0 @ ,
" G]OH : 3'n3 X
o0 c Sln fl__ = go I _//[_,_
H(qlo) = é__ n 1 )
Nnz | ' T _ S‘n 3 1)
Z gin nTx = Yo (33' = =
> Cn Y |
" ) 1 (3 8in
[ 8% = sin3Y)
G Sin A _a—c& &in &1;1 + CJ Sin A —+ Ei" (
: Sin 3Mx
Tthes 41de, we hqye’ — Jmx
‘ i icients on @it i
Eauating like COQé{T N
c, =0 C3"90,C(f=0/cy !
C,=3% ,%9° 7 -
4
o Ean @ give/s o .
- ax cos Mat +C, SI° (oS
_ ¢, &1 = -
Y (n,t) I /i /l — —_—
g 3mat 4+ . . ,’@

C3 Sin 31” Co

Step 9 C .
&'

Aub S the values Og C',
] ] s 3Tat
— Y &in 3mx (o .

. Tx cos Tat
4
we
Note ° S(n3'1TX contains on13 +two +eams . Hence
s T in Q Halg Tange Sine ~seles.

. 3
need not exPa.nd ASin .

o
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