SNS COLLEGE OF TENHNOLOGY

(AN AUTONOMOUS INSTITUTION)

UNIT-V
LAPLACE TRANSFORMS
PART B QUESTIONS & ANSWERS

1 .Verify Initial Value theorem for f(t)=etsint .
Solution:
Initial Value theorem: limf(t)= lim sF(s)
t—0 S—0

Now,
lim £(t) = lim [e_tsint]=eosin0=1*0=0
t—0 t—0
lim sF(s) = lim s.L[e'tsint]= lims
S—>00 S—»00 s>0 [ ST+11s oyt
1 . 1
= lims 3 = lims 3
s> | (s+1)°+1 §>0 [ 942542
= lim 52 S7= lim 21 5 R
0211454 2| V1 S| %
S 52 S 52
=~ LHS =RHS.

Hence verified.
2. Find the inverse laplace transform of Iog[s+l]

Solution:
Sl | I PP ST L 0 | I _
[Iog[ H——t[L dSlog[ S H— tL [ds(log(s+l) Iogs)}
_ 1 —1[ 1] _l-e™ et
- s+1 s ot
l-e

SECIE

3.Find L3¢ +5cost] .
Solution:
L[3e5t +5cost] = 3L[e5t] + 5L [cost]

=3i+5
s=5 §241

4. If L[F(t)]=F(s),prove that L[F(at)]=§F[§j

Proof:
By definition, we have



LIf(at)] = [ e (at)dt
0
dx

X
put at=x=>t=—;dt=
a a

L[f(at)] = [e>/ )¢ (x) 9%
0 a
S

= iofe_(a)xf(x)dx
0

S

- iofe_(a]tf (t)dt
0

L[f(at)] = = F[ij
a a
5. Find L ®sinbt]

Lle"®sinbt] = L[sinbt]s g4

B
s?+b? s—s+a

_ b
(s+a)2+b2

B b
s2 +a? +2sa+b?

2

2!
2
| oE 2t
(s+2) 2!

7.. If Lft)]=F) and g(t)={

f(t—a),t>a

_,—as
ot<a then prove that L[g(t)]=e"®F(s)

Q a [o o]
L[g(t)] = j' e~Stg(t)dt =]’e—5‘g(t)dt + j e~Slg(t)dt
0 0 a

[o o]
= [e~Stodt + J’ e S (t—a)dt
a

t—a=X;t=a,x=0
Put

O =

dt =dx;t =00,Xx =00

Llg()] = [ e+ (x)dx = [ e~ (x)dlx
0 0



—Ssa

=e e F (x)dx

—sa

=752 ¢St (t)dt

= 58F(s)

8. Find L[t cos2t]
L[te_2t cos2t]= —d%{ L[te_2t cos 2t]}

d
= —g{ L[cos 2t]}s—>s+a

d S
) _ds|:52+22}s—>s+a
[ +4)(1)—s(25)]
I G L
'32 +4-252

L—)Ha
4-s2

|2 2]
-(S +4) S—s+a

=__—(52—4)] =[(s2—4)]

[P+ | e [P+,

_ (s+2)2—4) _ $2+25
[s+2)2+41% | [s2+2s+5]

52+25

Hence L[te ™% cos2t] = =
[s“+2s+5]

o o]
9. Prove that J’te—3tsintdt=i
: 50

[e o) e8]
_[ te 3tsintdt = J' e St (tsint)dt
0 0 5=3

={LItsint]},_, = —% L[sintls_3

_d[ 1 } __| 2+ -125)
ds|s? +1s_5 (s? +1)2 s

=_—725 _ 2s _ 6 =i
®+1% |, [(P+1?]_; (10)* 50

T 3
Hence J’ te 3tsintdt = >
: 50

10. Using Laplace Transforms of derivatives find L[
By Laplace Transforms of derivatives,
L{f' (1)} = sL{f (1)} - (0)
L{f"(t)} = s2L{f ()} — sF(0) — F'(0)



— f(t)e™a =7 (0)e® =1
f'(t)e™(-a)

~ L[ (t)] = sL[f (t)] - F(0)

s L[-ae" ) =sL[e7]-1

L

11. Verify the initial value theorem for 3+4 cos2t

Theorem:
lim f(t)= lim sF(s)
t—0 S—00
lim(3+4cos2t)=3+ 4[ lim cosZt} =3+4[cos0]=7
t—>0 t—0

lim sF(s) = lim sL[3+4cos2t]= lim s[L(3)+ 4L (cos2t)]
S—>»00 S—0 S—0

= lim s[3L(1) + 4L(cos2t)] = lim 5[3.1+4 = }
S—00 S—>©

S s+4
) 7
—lim | 3+4-3 | lim {344 1
s> s244| sow 144
- 2
s
. 1
=3+4 Ilim 7] =3+4 1
SRl 14— 1+—
< L [e 0}
=3+4 N =7
1+0
L.HS=R.H.S
12. Find L{l]
Jnt

13. State Initial value theorem on Laplace Transforms.



If the Laplace transforms of f(t) and f °(t) exist and L[f(t)] = F(s)
then  lim[f(©)]= lim [sF(s)]
t—>0 S—»00

52+5

L_1[4s2+13}=|__1[ 24s i|+L_1[ 213 }
s“+5 s“+5 s“+5

—4171 S 13171 !
L2+<J§)Z}+ LM@)J
_4cosJ_t+ 13 _1{ \/E }

14. Find . L-l[““ﬂ

5 S +(J_)
= 4cos\/§t+ﬁsin \/gt

15. State convolution theorem on Laplace Transforms.

If f(t) and g(t) are two functions defined for t>o0, then
LI(f *g)(t)] = LIf(1)]-.L[g(D)]
ie., L[(f*g)(t)]=F(s).G(s) Where L[f(t)]=F(s) and L[g(t)]=G(s)

16. Find L[cosat—cosbt}
' t

cosat —cosbt
|

[o o]
: ] = _[ L[cosat —cosbt]ds

S

=°J: L [cosat] L [cosbt}ds = T{LZ iaZ]_[sz j b2 ]}ds

1 1 1 0
= [zlog(s2 + a2) - flog(sz + bz)] = E[Iog(sz + a2) - Iog(s2 + bz)]
s S

00
1 s? +a? 1 32(1+a2/52)
=509 21| =3"Y 2 22
2 s?+b 2 s°(1+b%/s) )|
1 log 1+a%/s? _1 log1log s +a?
2] “l1+b?ss® )| 2 52 +b?
Yoo 52 +a? e 52 + b2
2 ‘ s? +b? 2] s? +a?

17. Find the inverse Laplace transform of {S*i}
(s+3)(s“+4)

S+2 A Bs+c
= +

Now = 5
(s+3)(s“+4) S+3 s°+4




S+2=A(s? +4)+(Bs+C)(s+3)

Puts=-3
—1=A(9+4)+[B(—3)+C](0):>A=I—;'
Puts=0
2=4A+c(3):>c=E
13
Puts=1
3=A(5)+[B+c](4):>|3=%
S+2 1 1 s 9 1

Tera)2ed)  18(+3) 1362+4) 13(s2+4)

-1 S+2 11 S 10 1
P J— + + —
{(s+ 3)(s% + 4)} { 13(s+3) 13(s?+4) 13(s2+ 4)}

=-1L‘1[ ! }+1|_‘1 S| 0 1
13 (s+3)| 13 (2+4)| 13 (% + 4)

1 ¢ 1 10sin2t
=——¢ > +-—C0s2t+—
13 13 13 2

= i[cosZt +5sin2t— e_St]
13

18. Find the inverse Laplace transform of Iog[s 5}
s“+9

L_l[log[ 32‘ 5 ﬂ = YR =~ LR )]
s°+9 t

Now,
s—-5 2
F(s)=log 7 =log(s—5)—log(s“ +9)
s°+9
1 1
F'(s)=——— .28
© s=5 249
_ _ 1 2s _ 1 _ S
L LF@E)] =Lt =t — |-t
[Fe]- [5 5 52+9} §s—-5 s2+9
=e5t—20053t
Now,

2cos3t —et

—1 ’ __= =11 _
[F(s)]_ [F(s)]=- [e 2¢0s 3t] t

3+24 find the value of J'f(t)dt

0

we_Stf(t)dt ={L[F(O)} ={‘°’+2} 2.1
{'([ }s=0 { }s_o 52+450 4 2

19. If L[f(t)]=

20. State the first Shifting theorem on Laplace transforms

If L[f(t)]=F(@s) then



(L[ (t)] = F(s—a)
(i) L[~ (1)] = F(s +a)

21. State and prove second Shifting theorem on Laplace transforms.

If Lift)]=F() then L[f(t—a)u(t-a)]=eF().
Proof:

L[f(t—a)u(t—a)]= f e St (t—a)u(t—a)dt
0

a o0
= [e~ (Ot + [ e~ (t—a)dt
0 a

[ By defn. of unit step function]

Q0
_ J‘e—s(u+a)f(u)du
0 put,t—a=u
dt=du

[o o]
—as [ ,—su
=e e > f(u)du
-[ (uyd t=a=u=0

0

t=0o=> U=
= e BF(s)

22. Define unit impulse function
The unit impulse function is defined by

8(t—a)={

o,t=a
Otza

such that J’ 8(t—ayt=1.It exists only at t = a at which it is infinitely great and is

denoted by &(t-a).
23.State the Laplace transforms of periodic function with period transforms.

The Laplace transforms of a periodic function f(t) with period ‘p’ given by,

1

N
L[f(t)] = ——— _([e_Stf (t)dt

24. Find L[sinh?2t]
We know that
sinh? 2t = %[cosh 4t-1]
[cosh 2(2t)=1+ 2sinh? Zt]
Now,
LI:sinh2 Zt] = %L[cosh 4t-1]
= %{L[cosh at]-L[1]}

_1{ s _1}_ 8
2|s2-16 ) s(s>-16)




25. Find L_l{“:_sl

[ By Second Shifting property L[e ®F(s)]=f(t—a)u(t—a) ]
We can write

L—l |:1+ e—S ‘| — L—l |:}i| + L—l |:E_S:| =1+ L—l |:e—5 £i|
S S S S
Consider |:1[e—S 1}

S

Here F(s)= %
LLFE)] = L_lE] =1=F(t)
L_l[e_s 2] =1lu(t-1)

-s
L‘{He} —l+u(t-1)
S

26. Evaluate J’e e7lsinty using laplace transforms.

e smt

J‘ T = { f e St (t)dt} ={LIF(O]}_,
0 s=1

Now, L[f(t)]= L[Sl?t] [ Lisintids
S

R )

= tan_l(oo) —tan™L (s)
= g— tan_l(s) =cot Ls

{LIFOD)_, = {cot‘1 S}S=1 = %

27. Find the Laplace transforms of impulse function.

Ls(t-a)]= lim [ 8¢(t—-a)] = lim £ e 5 (t—a)dt



a+§
= lim J'e‘Sts (t—a)dt+ I|m j e~ (t—a)dt+ lim J' ™8 (t-a)dt
> £ 50,4
a+§

_gnm je‘Sts (t- a)dt—gllm je-St dt

st 12+6
= lim lle ! = lim- [ e~S(a+8) _ —as]
E>08| —s 3 E>0 &s

= lim i[e"""s —e™® _e—Sﬁ]
£—>058

o8 |:1 _eak ‘|
=——|im
S £—0 S

e se—sé’; o~
=——|im =
s &0 1 S

-2
28. Find L_llesl
s—3

1 |_ -1 -as —f(t— -
il L [e F(s)] =f(t-a)u(t-a)
F(s) = % = LHF(s)] =L L_lg] =3t

=32yt - 2)

29. Find L[Sirlat} Henceshowthat_j‘°"nt g

L[smat} _f L[sinatlds = f—ds

= [a-ltan_l (s)] =tan"}(o0) — tan_l(ij T tan‘l(ij
= a a/ls a) 2 a
=cot™t [i) (or)tan_1 (E)
a S

Puts=0and a=1 we get
J-smt T

30.Find L_l[ ( ! }

s(s—a)

T L } LYF(s)Ht = i -t 2
s(s—a) s(s—a)

t t
= [e*ld ={ i } Lty
0 0 a



(s2 —a2)?

2
CL oY
Lsz_az)z} {S (Sz_az)z}

d 1 S d| t .
=—L =—| —sinhat
dt |:(52_a2)2:| dt|:23. ]

1 .
= —[atcoshat + sinhat]
2a

31. Find L_ll s }

UNIT-V
LAPLACE TRANSFORMS

PART - C QUESTIONS

1. Using convolution theorem find L_l[l} .
(s+1)(s+2)

2
2. Using convolution theorem find L > :
(s2 +a2) (52 +b2)

3. Find the inverse Laplace transform of the following function using convolution
1

Theorem 3 )
s°(s+5)

4. Using convolution theorem find L_l{zz}.
(s+1)(s“+4)

5. Using Laplace transform method solve y" -2y +y=e' given y(©)=2and y'(0)=1.

6. Solve the differential equation using Laplace transform y"+4y +4y =e™t given that
y©)=o0and y'(0)=0.

7. Solve by using Laplace transform y" -3y +2y =4 given that y©)=2, y(0)=3.

8. Using Laplace transform method solve y" + 25y = 10cos5t given y(©)=2and y'(0)=0.

2
9. Using Laplace transform method solve ‘;—Zu%uy: 5sint given that y(0)=y'(0)=0.
t

10. Solve using Laplace transform, y" +3y +2y =e"tgiven y(o)=1and y'(0)=0.



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

Using Laplace transform method solve y" +2y -3y =sintgiven that y(0)=0

& y(0)=0

Using Laplace transform method solve y" +6y +5y =e™?t given that y(0)=0

& y(0)=1.

Find the Laplace transforms of f(t) if f(t)=e!, 0<t<2r & f(t)=f(t+2n).

Find the Laplace transform of the triangular wave function f(t) ={

f(t) = f(t+2).

Find the Laplace transforms of the periodic function f(t) =[

Find the Laplace transform of f(t)={

period 2z .

t O<t<l1
2—-t 1<t<2

l1forO<t<a
—1fora<t<2a

sint whenO<t<m

and f(t) is periodic with
0 whent<t<?2rn

Find the Laplace transforms of rectangular wave function given by

Afor0<t<I

f(t) = 2 and ft+T)=f(t).

—AforE<t<T

Find the Laplace transform of the periodic function f(t) ={
Find the Laplace transform of the triangular wave function f(t) ={

Find the Laplace transforms of f(t)=

Find the Laplace transform of f(t) =

. 2n
eriod == .
p (0]

t O<t<m
-t m<t<2m’

t 0<t<b
2b-t b<t<2b’
—EforO<t<

" and f(t+2r) = f(t).
Eforn<t<2zn

. ™
sinot when0<t< — ] o ]
® and f(t) is periodic with
T Y[
Owhen —<t<—
()] (O]

and



