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Multiplying Two digit integersMultiplying Two digit integers



Multiplying Four digit integersMultiplying Four digit integers



Consider the problem of multiplying two 
represented by arrays of their digits such as  

The grade-school algorithm:
an  b1 b2 … bn

11d12 … d1n
21d22 … d2n21d22 … d2n

… … … … … …

1dn2 … dnn

Efficiency: n one-digit multiplications (i.e., 

Consider the problem of multiplying two n-digit  integers 
represented by arrays of their digits such as  a = a1a2…

digit multiplications (i.e., (n ))



EXAMPLE

Consider 2-digit integers a = 23 and 
represented as follows:represented as follows:

1 + 3.100 and 14 = 1.101 

Now let us multiply them:
23 * 14 = (2.101 + 3.100) * (1.101 

=  (2 * 1)102+ (2 * 4 + 3 * 1)101

= 23 and b = 14 can be  

1 + 4.100.

1 + 4.100)
+  (3 * 4)100



EXAMPLE

formula uses four digit multiplications
Middle term can be computed by

2 * 4 + 3 * 1 = (2 + 3) * (1 + 4) - 2 * 1 
many multiplications? 1 or

multiplications(i.e.,n2).

2 * 1 - 3 * 4.
3



-digit integers a = a1a0and
can be computed by

= c 102 + c 101 + c ,= c2102 + c1101 + c0,

is the product of their first digits,

and b = b1b0, their  

is the product of their first digits,



EXAMPLE

b0

a b b ca0 b1 b0 c2

a
c2 c0.

c2 c0

b



Divide-and-Conquer Algorithm

general, for two n-digit integers
positive even number. We denote

by a and the second halfby a1 and the second half
and b0, respectively. In

implies that a = a110n/2 + a0, and
2 + b0.

Example: a = 21|35, b = 40|14

Algorithm

integers a and b where n
denote the first half of the
half by a ; for b, the notationshalf by a0; for b, the notations
In these notations, a =

and b = b1b0 implies that



ALGORITHM

b = (a110n/2 + a0) * (b110n

1)10n + (a1 * b0 + a0 * b1)
+ c110n/2 + c0,  where

b1 is the product of their first halves,

n/2 + b0)
)10n/2 + (a0 * b0)

is the product of their first halves,



Divide-and-Conquer Algorithm

* b0 is the product of their0

1 + a0) * (b1 + b0) - (c2 + c0
’s halves and the sum of the

c0.

instead  
compute a *

of using 4 multiplicatio
b, we just need tocompute a * b, we just need to

multiplications (i.e., a1 * b1, (a0 * 
b0)).

Algorithm

their second halves,

0) is the product of the sum
the b’s halves minus the sum

multiplications to
o compute 3o compute 3

* b0), and (a1 + a0)



Divide-and-Conquer Algorithm

apply the same method for
we have recursive algorithmwe have recursive algorithm

integers. The recursion is stopped

apply the same method for
we have recursive algorithm

integers. The recursion is stopped

Algorithm

for computing the products
algorithm for computing productalgorithm for computing product

stopped when n becomes one

for computing the products
algorithm for computing product

stopped when n becomes one



Divide-and-Conquer Algorithm

multiplication of n-digit numbers
digit numbers, the recurrence

multiplications M(n) will bemultiplications M(n) will be
M(n/2) for n > l, M(l) = l.

Algorithm

numbers requires three multiplications
recurrence for the number



Divide-and-Conquer Algorithm

Solving it by backward substitutions

) = 3M(2k-l) = 3[3M(2k-2)] = 3
= … = 3iM(2k-i) = … = 3kM(2k-k) = 3

k = log2 n,
M(n) = 3log 2n = n

Algorithm

substitutions for n =

)] = 32M(2k-2)
) = 3k.

nlog 23 n1.585 < n2.



1. What is the running time of  multiplication of large integers using 
divide and conquer?divide and conquer?

2.Large Integer multiplication cant solved by using brute force.

1. What is the running time of  multiplication of large integers using 

2.Large Integer multiplication cant solved by using brute force.




