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2.4 Green’s Theorem

Green's theorem relates a line integral to the double integral taken over the region bounded by the closed

curve.
Statement

If M(x,y) and N(x, y) are continuous functions with continuous, partial derivatives in a region R of the xy -

plane bounded by a simple closed curve C, then

f Mdx + Ndy = H (3—’: - Z—:) dx dy,where C is the curve described in the positive direction.

R

Vector form of Green’s theorem
§ F-ar=[[ (vxF)-kdr
Problems based on Green’s theorem

Example: 2.64 Verify Green’s theorem in the plane for J. (3x* — 8y*)dx + (4y — 6xy)dy where C

is the boundary of the region definedbyx =0,y =0,x+y=1.
Solution:
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We have to prove that I Mdx+ Ndy = ﬂ (3—': - 3—:) dx dy
c R

Here, M = 3x% — 8y? and N = 4y — bxy
am

aN
33;'="'16y 23;=—

j (3x% — 8y?)dx + (4y — bxy)dy = j Mdx + N dy
By Green"s theorem in the plane, |

j Mdx+Ndy = H (3—:— Z—Z)dxdy

¢ R
= [y Jy "(10y) dy dx
=10 J! [’?]:x dx
=5 [{(1-x) dx
=5[] =2 )

Consider [ M dx + N dy = J' +J' +I

od AR BO

Along 04,y = 0= dy = 0,x varies from 0 to 1
o[ Mdx+Ndy= [/3x%x= [x"]}=1
a4



Along AB,y = 1—x = dy = —dx and x varies from 1 to 0
Mdx+Ndy= ['[3x>— 8(1—x)2— 4(1 — x) + 6x(1 - x)]dx

AR

3x?  B1-x)? 4(1-x)? 0
- [i— = 2x3]
3 -3 -2 1

=24+2-1-3+2=¢
3 3

Along BO,x = 0 = dx = 0 and y varies from 1 to 0
Mdx+Ndy= ['4ydy= [2y%]9 = -2

g

[ Mdx+Ndy=1+:>-2=2 .(2)

=~ From (1) and (2)
[ Mdx+ N dy = L[ (35— Z)dxdy

Hence Green’s theorem is verified.

Example: 2.65 Verify Green’s theorem in the XY —plane for I (xy + y?)dx + x*dy where C is the

closed curve of the region bounded by y = x,y = x%.

Solution:
y 3
\ y=1 Mu)
X=Yy
— y=xz
0 y=0 X
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We have to prove that I Mdx+Ndy = H (5—; = 3’;—') dx dy
¢ R

Here, M = xy + y?and N = x?
aN
= 2x
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RHS = L_[ (22— i—f) dx dy

Limits:

x varies from y to [y

y varies from 0 to 1

H (ﬂ_” - ﬂa:) dxdy = f; fyﬁ 2x — (x + 2y) dx dy
R

dx
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LHS= [ Mdx+Ndy

Consider [ M dx + N dy = j +J'

oA A0

Along OA,y = x* = dy = 2x dx,x varies fromOto 1
Mdx+Ndy = fol[(x(xz) + (x?)?)dx + x? - 2x dx]

(22

— f01(3x3 + x*) dx
3x? !
= 5+ ?]o
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Along A0,y = x = dy = dx and x varies from 1 to 0
I Mdx+Ndy = flo(x2 2% )dx A 2% dx

=f1°3x2dx= [x3]9 = -1
LHS= | Mdx+Ndy=—-1=——
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Example: 2.66 Verify Green’s theorem in the plane for I (3x* — 8y*)dx + (4y — 6xy)dy where C

is the boundary of the region defined by y = x*, x = y*.

Solution:

sz
x2=y
Y =x
\ A(1, 1)
R > X
(0’0)\

ax
R

We have to prove that I Mdx+Ndy = j (a—N— ‘;—;’) dx dy
Here, M = 3x* —8y? and N = 4y — 6xy
== —16y =% = —6y

RHS= [[ (- 55)dxdy
R

ax ay



Limiis:
x varies from y? to ﬁ

y varies from 0 to 1

<] Ge- F)avdy =Ly +16p) dxdy

f;[lﬂx}r];?dy
10 [, (y |y — y*)dy
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LHS = j M dx + N dy

Consider [ M dx + N dy = I +J'

od A

Along 04,y = x* = dy = 2x dx, x varies from 0 to 1

2 [ Mdx+Ndy= [[(3x* - 8x")dx + (4x* — 6x*)(2x)dx

a4

= J'(3x2 - Bx* + 8x® — 12x*)dx
= [(~20x*+8x* + 3x?) dx



= [-20Z+8 %*3?];

=—4+2+41= -1
Along A0, x = y*> = dx = 2ydy and y varies from 1 to 0

+ [ Mdx+Ndy= [(3y* - 8y*)2ydy + (4y — 6yy*) dy
= f1°(6y5 —16y3® + 4y — 6y3)dx
= [ (6y5 — 22y® + 4y)dx
= |62~ 22’T‘+4§]?
=0- [1- 2+ 2]

~»LHS=RH.S

Hence Green'’s theorem is verified.

Example: 2.67 Verify Green’s theorem in the plane for the integral J (x—2y)dx + xdy taken

around the circle x* + y* = 1.

Solution:

We have to prove that I Mdx+Ndy= H (E—N = Z—:) dx dy
€ R

dx

Here, M = x —2yand N = x

i-“:: ~2 %=1
RHS = [f (2—:— Z—:)dxdy
R

LI (Z—z— ‘;f) dxdy = [[ (1+2)dxdy

R
=3 [ dxdy

R

3 (Area of'the circle)

2

= 3nr

=31 (vradius=1)



LHS= [ Mdx+Ndy
GivenCisx*+ y* =1

The parametric equation of circle is
x = cosf, y=sinf
dx = —sin6d#, dy = cosf df

Where £ varies from 0 to 2w

I Mdx+ Ndy = f:r(cnsﬂ' — 2sin@) (-sinf dB) + cos @ (cosH df)

= f;"(— sin @ cos A + 2sin? 8 + cos? #) df
= f:"(— sinfcosf +sin?f+1)df (~sin?f +cos?f=1)

zf;n'(_sinzﬂ_l_ 1—c2529+ l)dg

2

= [+ - () + o]

_ [casun}_l_ 2 sin47r+ 2‘]‘?] _ [msl:l+ o ﬂﬂ‘l" D]
4 2 4 4 2 4

= l—+ T+ 2 — 71= 3n [vsinnmr=0,sin0=0,cos0 = 1], [cosnmt = (—-1)"]

~LHS=RH.S

Hence Green'’s theorem is verified.



Example: 2.68 Using Green’s theorem evaluate I (y — sin x)dx + cos x dy where C is the triangle

bounded by y =0,x= -,y =

X |y

Solution:

7‘25.0) yr<0 ¢ar2, 0)

We have to prove that I Mdx+Ndy = ﬂ (‘;—: - 3—;’) dx dy
c R

Here, M = y —sinx and N = cosx

aM an ;
>5==1-0 =>—= —sinx
ay dx

Limits:
x varies from }'?" to E

y varies from 0 to 1
Hence I (y —sinx)dx + cos x dy = jul Jii(—sinx — 1) dxdy
3 z

= jul(cc-sx - x)f_;rr dy
2

= Iy [(cos3= %) = (cos (5) - )| &y
=f; [D— %—cus%-k y?“] dy
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Example: 2.69 Evaluate by Green’s theorem I [e=*(sin y dx + cos y dy)] where C being the

rectangle with vertices (0,0), (m, 0), (n’, g) and (0, ’2—')

Solution:

/2 (7,7/2)
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We have to prove that I Mdx+ Ndy = ﬂ (a—N - a—M) dx dy
c R

Here, M = e *siny and N = e *cosy

::»a—M— e * cos = _ —e ¥ cos
ay y ax y

Limits:

x varies from O to

y varies from 0 to >

I [e™*(siny dx + cos y dy)] = [? f;(—e‘x cosy —e *cosy) dxdy

ff_fﬂ" —2e *cosy dx dy

= -2 jug [“-’_xﬂ]:d}.

-1
=2[2[le™cosy— ecosyldy

=2 [2[e™™ cosy — cosyldy

=2 [e " siny —sin y]ﬁ
=2 [(e - sing - sing) — (e ™sin 0 — sin D)]

=2le™ - 1]
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Example: 2.70 Prove that the area bounded by a simple closed curve C is given by

% j (xdy — ydx). Hence find the area of the ellipse :—Z+ i:_: = 1 by using Green’s theorem.

Solution:

aN a

By Green theorem, I Mdx+Ndy= Jj (E - ﬁ) dx dy
€ R

LetM = —yand N =x

aM dnN
oy dx

J (xdy — ydx) = H (1+1)dxdy

=2 H dx dy = 2 (Area enclosed by C)
R

». Area enclosed by C = % I (xdy — ydx)

Equation of ellipse in parametric form is x = acosf and y = bsinf where 0 < 8 < 2m.
= Area of the ellipse = é _,l':" (acos 8)(bcos#) — (bsin B)(—asin @) db
1 2m .
= -ab }'u (cos?8 + sin?8) df

= -ab [;"d8 = > ab [0]3" = mab

Exercise: 2.4

1. Using Green's theorem in the plane, evaluate I (x? — y*)dx + 2xydy where C is the

closed curve of the region bounded by y = x%and y* = x Ans: %

2. Find by Green’s theorem the value of I (x2ydx + ydy) along the closed curve formed

by y = x%and y* = x between (0,0) to (1,1) Ans: 2—13



3. Verify Green'’s theorem for the integral I [(x — y)dx + (x + y)dy] taken around the

boundary area in the first quadrant between the curves y = x?and y? = x.
Ans: Common value = ;
4. Find the area of a circle of radius *a’ using Green'’s theorem. Ans: ma?

5. Evaluate | [(sinx — y)dx — cos x dy], where C is the triangle with vertices
y y g

(0, 0),(5-2', 0) and (f, 1) Ans: % =
6. Using Green’s theorem, find the value of I [(xy — x?)dx + x2ydy] along the closed

curve C formedbyy=0,x=1andy =x Ans: —é

7. Verify Green'’s theorem for I [(x? — y*)dx + 2xydy], where C is the boundary of the

rectangle in the xoy — plane bounded by the lines x = 0,x = a,y = 0and y = b.

Ans: Common value = 2ab?

8. Verify Green’s theorem for I [(2x — y)dx + (x + y)dy], where C is the boundary of the

¢

Circle x? + y? = a? in the xoy — plane. Ans: 2ma®



