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3.3 PROPERTIES - HARMONIC CONJUGATES
3.3 (a) Laplace equation

a2 a2 5 . . .
a—f a—f = 0 is known as Laplace equation in two dimensions.
x y

3.3 (b) Laplacian Operator

a2 9% . . . )
2zt a7 called the Laplacian operator and is denoted by V<.

o 2@ e 3g . . . .
Note: (i) etttz = 0 is known as Laplace equation in three dimensions.

Note: (ii) The Laplace equation in polar coordinates is defined as
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3.3 (¢) Harmonic function (or) [Potential function]

A real function of two real variables x and y that possesses continuous second order partial derivatives

and that satisfies Laplace equation is called a harmonic function.

Note: A harmonic function is also known as a potential function.
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Problems based on properties
Theorem: 1 If f(z) = u + iv is a regular function of z in a domain D, then V2|f(2)|? = 4|f'(z)|?
Solution:
Given f(z)=u+iv
= |f(2)| =VuZ + 2
> f(@))? =u?+v?
= Vf(2)I? = V2 (u? + v?)

= V2(u?) + V?(v?) s2)CL)
a2 ?(u?) |, *(u?)
VZ(uZ) B (axz + ay? ) W= 6:2 P 0:2 (2)
B° e 9%u | dudu o%u
ax? )_Dx[z _2[ ax2+axax_2 6x2+2( )

Similarly, - (uz) —2u— 2( )

2= Vz(uz)-Z( + 29 +2[(2) + (2]

=0+2 [(Z—Z) + (Z—;)Z] [ u is harmonic]
VZ(u?) = 2uZ +2u’
Similarly, V2(v?) = 2vf + 2v]
()= V2|f(2)I? = 2[u? + uZ + vZ + v}

=2[uZ + (—v)? +vi+uil  [u, =vyu, = -1

= 4[ug +v7]
(i.e)V?If(2)* = 4lf (2)I*
Note: f(z) =u+iv: f'(z) = u, + (v, :

(or) f'(z) = vy +iuy : |f' (D) = Jui +vi:|f' @I =uf +v}




Theorem: 2 If f(z) = u + iv is a regular function of z in a domain D, then V? log |f(z)| = 0 if
f(z) f'(z) # 0 in D. i.e., log |f(z)| is harmonic in D. [A.U A/M 2017 R-13]
Solution:
Given f(z) =u+iv
If ()] = Vuz +v2
log |f(2)] =3 log (u? + v?)
Vloglf(2)] :% Viog (u? +v?) = %(;—;+ %Zz)log(u2 +v?)

_19%
T 29x2

2oy llog(u? + v)] (D)

aZ 62 3 a a " .
1 [fﬂg(uz + 1}'2)] _ 197 ;(Zui + zvi)] _ 0 [uuxtvv ]

2 dx2 2 dx luZ+v? T ax | uzsw?

[log(u? +v3)] +

(0 Ut F U U F UV VU ] = (Ul 00y (2Un o+ 200y )
- (u2+v2)2

(1402 [utt gy vv tuF +vE] - 2(uny+ovy)?
- (uZ+v?)?




2
Similarly, %—[log(uz +v?)] = Lo )[uuyy+v:g‘,;:z;,z,;vy] 2y rory)

(12 402) [u(uyx+ityy ) +V(Vxx+Vyy) +G+ud) +(vE+03)]- 2[uux+wx]2-2[uuy+vvy]
(u?+v?2)?

(1= Vioglf(2)| =

(u2+v2)[u(0)+(u§+v§)+u§,+v§)—-2[u2u§+wzv§+2uv Uy vy +u? uf+v2v+2uv uy vy]
- (u?2+v2)2

[+ Uyx + Uyy = 0,V + V1, = 0]

_ @+ @2+ (2)%|-2[u? (uF+ uF) +v2 (vE+v5) + 2uv(ux vetuy vyl
- (u2+v?2)?

[2f' @D =u+ivIf'@)| =u, +iv, (or)f'(2) =v, —in,|f'(2)I? =ui + v?
(o0 If'@DI* =ul + v}

_ 202+0?)[lf' @)?|-21u2|f’ (@) +v2|f’ (2)2] +2uv(0)]

(u2+v2)2

[“Uy =vy Uy, =—0,]

DUy Ve +uy v, =0
=suf +uj = ui + vi = |f'(2)?

=2v7 +v} = ui+ v} =|f'(2)|?

_ 2 4vd)|f (2)P-2u?+vd)|f (2)|*

(u2+v2)2
(i.e.) Vioglf(2)| =
Problems based on properties
Theorem: 1 If f(z) = u + iv is a regular function of z in a domain D, then V2|f(2)|? = 4|f"(2)|?
Solution:
Given f(z) =u+iv

= |f(2)] =VuZ +v?

= [f(2)|? = u? +v?

= V2f(2)|? = V2 (u? +v?)

= V2(u2) + V2(v2) o)
a 2%(u?) | 9%(u?)
v2(u2)_(a—ﬂ+ay) W=t 2E (2
du du a%u au\ 2
o —[2 =2fult+ S22 = 2ult+2(3)

Slmllarly (uz) = 2u =+ 2( )

(2> V2(u?)=2u (axz u) +2 [(%3)2 ® (Z_;)z]

=0+2 [(%)2 + (%)2] [ u is harmonic]
VZ(u?) = 2uZ +2u?
Similarly, V2(v?) = 2vf + 2v]
()= V2|f(2)|? = 2[u? + u + v+ vZ]

=20+ (-v)? +vi+ull  [fu =vuy = 1]



