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UNIT -1
FOURIER SERIES
1)Explain Dirichlet’s conditions.

Ans:

. . . ab - - . .
Any function f(x) can be developed as a Fourier series — +¥..—, a, cosnx + ¥, -—; b, sin nx

where ap , an,by are constants ,provided

(i) f(x) is periodic, single-valued and finite .

(ii) f(x) has a finite number of discontinuities in any one period .
(iii)  f(x) has at most a finite number of maxima and minima.
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2). State whether y= tan x can be expanded as a Fourier series . If so how ? If not why ?

Soln:

tan x cannot be expanded as a Fourier series .Since tan x not satisfies Dirichlet’s
conditions.(tan x has infinite number of infinite discontinuous).
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3) Find the sum of the Fourier series for

r,0=<x =<1
f{X}={2,1 <x <2 atx=1.

Soln:
X=1 is a point of discontinuity.
f(1-) =lim, _, f(1— h)
=lim, ,,1—h
=1

f(1+)=lim, ., f(1+ h)
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0 ; 0=x =7
4) If the Fourier series for the function f(x) = { e

. is
sinx 7w =< x < 2w
-1 2 [co=2x cosdx cosBx 1 .
fx) =—+= 5 T2 T o0 —---..]+:smx.Deducethat
e T =} == Fad &=
1 1 1 ) —
- 3 - — Lo = -
1.3 35 57 a
Soln:

0 =T+l

= TGt Tl
SRS

Iolilo o BB I
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5) Write ao,an in the expansion of x +x3 as a Fourier series in (-7,7) .

Soln:
Letf(x) =x+x3
f(-x) = () + (%) 3

= -x -x3



=-(x+x3)
=-f(x)

. f(x) isan odd function.

Hence ap=0 and a, =0
SSSSS55555555S55553555S55SSSS5S5SSSSSSSSSSSSS5555>5>>
6) What is the constant term ao and the coefficient of cos nx , a» in the Fourier

expansion of f(x) = x-x3in (-m,7)

Soln:

f(x) =x-x3
f(-x) = (x) -(x)*
=-X+x3
=-(xx)
=-f(x)
f(x) is an odd function.
Hence in the fourier series ap =0 and a,=0.
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7) Find the constant term in the Fourier series corresponding to f(x)=cos2x expressed in

the interval (-, 7).

Soln:

. l+coslx
Given f(x)=cos2x = =~

1

= - - .

WKTx)==+ X, a,cosnx + X7_, b, sinnx
- 1= -3
Tofind ap==_cos”x dx
==, cos®x dx

_E_Jr.'r l+coslx dx

Tl 2

T

=1:ch (1+ cos2x) dx



1+—,—7=<x =10
8) In the Fourier expansion of f(x)=<t e in(-m,m) find the value of
l——0=x=mw
by, the coefficient of sinnx.
Soln:
[l +E —r<x <0
Given fx)= B

T

_{:,91_ (x),—-m=x=0
e (x)0<x<m

Here ¢, (x) = 1+= @, (X) = 1- =

@y (—x) =1+

2i—x)
L

=1-— =@
Given function is an even function.

Hence the value of b, =0
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9) If f(x)=x2+x is expressed as a Fourier series in the interval (-2,2) to which value this
series converges at x=2.

Soln:

X=2 is a point of discontinuity in the extremum .
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10)Find by, in the expansion of x2 as a Fourier series in (-7, 7).
Soln:
Given f(x)=x2 is an even function in the interval (-m, 7).

* bn=0.
SO>S 355>>>
11) If f(x) is an odd function defined in (-1,1), what are the values of ap and a,?

Soln:
Given f(x) is an odd function in the interval (-11).
~ a0=0, an=0.
SO>S >>

12) Find the Fourier constants b, for xsinx in (-, )
Soln:
Given f(x)= xsinxin (-7, )
f(-x)= (-x) sin(-x)

= (-x)(-sinx)
= xsinx
=f()

~ f(x) is an even function.

Hence by=0.

SSSSS5555D5555555355533S5SS53SSS533SS3>>SS3>>5>>>

cosx,if 0<x<m

13) If f(X)={5G JifT<x < 2m;



and f(x) = f(x+ 2m) for all x, find the sum of the Fourier series of f(x) at x=m.

Soln:

Gi ¢ _{cosx,ifﬁ}-:: X < T
ivenf(x) =] 5o ifr<x <2
To find f(x) at x=m.

x=m. i5 adiscontinuous point in the middle.

2 () = T e (1)
f(m—) = lim, L, f(m—h) =lim,_,cos(m—h)=-1

f(m+) = lim, ., f(r+h) =lim,_,50=50.

-1+50 _ 49

A (1)= f(m) = =7

-
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14) Determine the value of a, in the Fourier series expansion of f(x) = x3 in -T<x< .

Soln
Let f(x) = x3
f(-x) = (x)?
= x3
=-f(x).

f(x) is an odd function.

Hence ap= 0 and a,=0.
SO>S >>
15. If f(x) =2x in the interval (0,4), then find the value of a; in the Fourier series

expansion.

Soln:

Here 21 =4 =1=2.



dx.

W.K.T an:%f;l‘ Flx) cos

nIx
7
L

an=% f.: flx) cos==dx.

[ J—
LTXx

1 04

az=7 [ 2x cos—dx.
1 04

= fc_ 2xcosmx dx.

= [, xcosmx dx.

Z[if[ﬁnxxj'— (l)[—c::xxj]:
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16) Find Half range sine series for f(x) = k in 0<x <.

Soln:
The sine series of f(x) in (0,7) is given by
f(x) =X, b, sinnx

Where by =_% J: ksinnx dx

T

2k |—cosnx
T n

|:.

j_k [cosnx]]

)

-1

== [cosnm — cos0]

nt

= -1 —1]

n




== [1-(-1"]

nt

= 0 when n is even.

=k when n is odd.

nt

= 4k . TX.
. f(X) = E.:!::DL'.'L'.' “_:{_ sIn
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17) Write the formula for Fourier constants for f(x) in the interval (-7, ).

Soln:
ap==J"_f(x)dx.

I7_f(x) cosnx dx.

ba =27 f(x)sinnxdsx.
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18) Find the constant ap of the Fourier series for the function f(x) = k, 0<x<2m.

Soln:

a0 L F)ax
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19) Iff(x) = |x| expanded as a Fourier series in - m < x < m.Find ao,

soln:
ao = ijf:,_f[l:'ﬂrl
- %J’fﬁlxldx.
:% J'EF xdx. [since |x|is an even function]
=L
=>ag=T.
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20) In the Fourier series expansion of f(x) = |sinx/| in (-7, 7). What is the value of by,

Soln:

Since f(x) = |sinx| is an even function.
" bn = 0.
SO>SO >>

21) To which value, the half range sine series corresponding to f(x) = x2 expressed in
the interval (0,2) converges at x=2.
Soln:

Given f(x) = x2.

X=2 is a point of discontinuity and also it is a point.

P

f(x) = {222

The half range sine series corresponding to f(x) = x2 expressed in the interval (0,2)



converges at x=2 is 2.
~At x=2 , the series converges to 0.
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22) State parseval’s identity for the half-range cosine expansion of f(x) in (0,1).
Ans:
2 01 7 ay” - 2
SR de = 2=+ T a,

ao= Zj’; flxldx; an== ZJE flx) cosnx dx.

Where
SSSSSSSSSOSOSSOSOSSSOOSOSOOSSOSOSSOSSSSSSOSSSSSSSSSSOSOSS>S>>>

23) Find the root mean square value of the function f(x) = x in the interval (0,1).

Soln:
B -
[ [Fia]Pax )
RM.S = N re— the interval (a,b).
Moo
— |.D-x‘ . — —
= ;5 Here a=0, b=l
! :
_ !1[5]‘
T lils
\ 0
-1 15 Ill_:
| [ [ 1
= Dl —0) = |- ==
1 l:3 ] N3 3
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24) Define root mean square value of a function f(x) in a< x<b.

Soln:
I

[ [Fi=)]%dx

——— s called the root

|
o=

Let f(x) be a function defined in an interval (a,b) then \

mean square value (or) effective value of f(x) and is denoted by ¥

DSOS >>>>>>>



25) What do you mean by Harmonic Analysis?

Soln:

The process of finding the Fourier series for a function given by numerical value is
known as Harmonic Analysis . In Harmonic Analysis the Fourier coefficients ao ,anand
by of the function y= f(x) in (0,27) are given by
ao =2 [ mean value of y in(0,27)]
an = 2[mean value of y cos nx in (0,27]]

bn = 2[mean value of y sin nx in (0,27)].
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UNIT-Il - FOURIER TRANSFORMS

1.State Fourier Integral theorem.
Statement:

If f(x) is piecewise continuously differentiable & absolutely integrable
in(-c0,00) then f(x) = L jw jw f(t) e*Y dt ds.
2 o S
(or)
f(x) = L jw jw (t) cos A(t-x) dt dA
T =

This is known as Fourier integral theorem.
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2.Show that f(x) =1,0<x< oo cannot be represented by a fourier integral.

Solution :

j:’ 1f(x) | dx = j: 1. dx = [x]:= oo |

and this value tends to oo. as x > oo,



ie) I: f(x) dx is not convergent.

Hence f(x) =1 cannot be represented by a Fourier integral
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3. Define Fourier transform pair. (or)
Define Fourier transform and its inverse transform.
Ans:

The complex Fourier transform of f(x) is given by

F(s) = f(x) e dx.

1 J-oo
N2m
Then the function f(x) is the inverse Fourier transform of F(s) is

Given by

flx) = ir F(s) e ds.

J2z
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4, What is the Fourier cosine transform & inverse cosine transform of a
function?
Solution:

The infinite Fourier cosine transform of f(x) is defined by

Fc[f(x)] = \/g.[: f(x) cos sx dx.

The inverse Fourier cosine transform F.[f(x)] is defined by

= |20 kit d
(x) = ;J.O F.[f(x)] cos sx ds.
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5. Find the Fourier cosine transform of f(x) = | cosx if ,0<x< a

0 if x 2 a.



Solution:

Fo(s) = \/%J:O f(x) cos sx dx

2 ca
= —'[ cosx cos sx dx
T 0

= \/Z%I: [cos(s+1)x + cos(s-1)x] dx
V4

1 sin(s+11x sin(s—-1x]2
_ [ (s+1)x , sin( ]

VZn s+1 s—1 0

1 [sin(s+Da  sin(s-La
Rzl 6+D) (-9 (M)}

1 [sin(s+1a | sin(s-Da

T 2z| (s+1) (5-1) }

6. Find Fourier cosine transform of e

Solution:

R d

RI0) = [~ [ f) cos sx dx

N N S 5

[e7] = ;.[o e™ cossx dx
o
r|s?+a’

7. Find Fourier cosine transform of e™

Solution:

F[f(x)] = \/g_[: f(x) cos sx dx.



2 (o
— _[ e’ cossx dx
T 0

=\/%[1+1a2}

Fe [e7]

8. . Find Fourier sine transform of e>*

2 (o
Solution: Fle® = —I e sin sx dx
T 0

[2 S
I VA R 2
7|s°+3
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9. Find Fourier sine transform of 3e*
Solution:

Let f(x) = 3e™

F[f(x)] = \/%J.: f(x) sin sx dx

2 (o
= —I 3esin sx dx
\/ 77 90

o0
=3 —J; e sin sx dx

oo

=3 .I'—[b (—2sinsx — scos sx]
2 1
o
SHENNIEN
Nz |s2+4| Nz |s?+4
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10. Find Fourier sine transform of 1/x

Solution:
2 o
Fo[f(x)] = \/:I f(x) sin sx dx
T 0
2 o
F[1/x] = \/:.[ 1/x sin sx dx
Vs 0
Let sx = oo, x>0 =6->0
Sdx=d®© X > o0 =>0-> oo,
2 (o
= —J. Esmed—e
T 0 S
2 = sin@
= .= —dBo
72"[0 0

I
SHLN
1
NN
| |
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11. Define Find Fourier sine transform and its inversion formula.

Ans:

The infinite Fourier sine transform of f(x)is defined by

Fulf(x)] = \E [ 0 sinsx ax

The inverse Fourier sine transform of Fs[ f(x)] is defined by

00 = (2" FIf]l sinsx d
(x) = ;L F[ f(x)] sinsx ds



-ax

12.Find the Fourier sine transform of f(x)=e™, a>0 and hence deduce that

J-oo XSin mx

0 1+x* = Tet

Solution:

F[f(x)] = \/%I: f(x) sin sx dx

_ /2 S
rl1l+s®
By inversion formula

f(x) = gJ.OO F[e™] sin sx ds.
\ 7z o
[20> [2] s _
= ;L ;|:1+SZ:|SInSX ds.

2 = SSinsx
—|, 52
=79 145
2 = SSin sx
ol ds. 7
T 145 =—f(x)
2
= —e’.

Changing x to & s to x we get

© XSin mx
[Ny g
0 1+X = Ee .



13. If Fourier transform of f(x) = F(s) then what is Fourier transform of f(ax)
Solution:

1 7 :
FIf(x)] = — f(x) ™ dx.
7
1 7 :
Flf(ax)] = — f(ax) e dx
7|
Putt= ax X > -0 =t -o00,
dt= adx X > o0 =>t> oo,
1 7+ ,
= —— | f(t) e dt/a
72
1 7 )
=1/a f(t) " dt
)
1 7 ~
=1/a — f(x)e™™ dx
72 )
=1/a F[s/a]
Flfax] = ——— | flax) e o
NPy

j flt) e dt/a

1
N2

1 7 .
= -1/ f(t) e dt
a \/Z i (t) e
= -1/a \/;_ﬁi f(x)e™ dx
=-1/a F[s/a]

1
F[f(ax)] = — F[s/a].

B
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14.1f Fourier transform of f(x) is F(s), P.T the Fourier transform of f(x) cosax is
1/2 [F(s-a) + F(s+a)].

Solution:

FIF(x)] = f(x) e dx

L
2



F[f(x) cosax ] = f(x) cosax ™ dx

L
2]

1 7 , .
:1/2 —J. f(X) [el(s+a)x+ el(s—a)x] dx

2z

:1/z[i j [ f(x) e dx + 1
7[ o0

Jer Jer

= 1/2 [F(s-a) + F(s+a)].

J’ f(x) € dx ]
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15. P.T F[f(x) cosax] =1/2 [F.s+a) +F. (s-a)] where F. denotes the Fourier
cosine transform of f(x).

Solution:

F.[f(x) cosax]

\/g-[: f(x) cosax cossx dx.

\/%J.: f(x) cossx cosax dx

=1/2 [ EJ‘w f(x) cos (s+a)x dx + Er f(x) cos(s-a)x dx]
) 70 0

= 1/2 [F(s+a) +F (s-a)]

16. If F(s) is the Fourier transform of f(x) then show thatthe Fourier transform

of e f(x) is F(s+a).

solution:
FIf(x)] = %;[ f(x) e dx.
Fle™f(x)] = —\/;_] e f(x) e dx
T %



f(x) e dx

L
2

F(s+a)
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17. If F(s) is the complex Fourier transform of f(x) then find F[f(x-a)].

Solution:
FIf(x)] = %f f(x) e dx.
F[f(x-a)] = Lf f(x-a) €™ dx.
Jor
Put t=x-a X > 00 =>t-> -o0,
dt = dx X D oo =>t> oo

f(t) e dt

Ly
g

f(t) eist eisa dt

o
2]

f(t) e dt

isa 1 fo
J2r d

=" F[f(t)]

=e™ F(s)
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18.Given that e x%/2 is self reciprocal under Fourier cosine transform, find

%

and

%

=X
(i) Fourier sine transform of xe

(i) Fourier cosine transform of x> e



Solution:
Fc[e_%] _e A
e 21= = Fixe ]
ds
-8
ds
--e 2 ()
_se 2

e 2= 9 pwe 7
ds
-9 e
ds
Sise e 2

= (1-5?) e_s%

19. State the convolution theorem for Fourier cosine transform.
Statement:

If F(s) &G(s) are the Fourier transform of f(x) & g(x)
respectively, Then the Fourier transform of the convolution of f(x) &

g(x) is the product of their Fourier transform

FIf(x) * g(x) ] = F(s) G(s) = F[f(x)] G[g(x)]
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20. State the Fourier transform of the derivatives of a function.
Statement:

The Fourier transform of F(x)



The derivatives of F(x) is f(x), where f(s) is the Fourier
transform of F(x)
FIF (x)] = isf(s)
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21.Find the Fourier sine transform of f(x) e™

Solution:

Fo[f(x)] = \/g.[: f(x) sinsx dx

2 > .
—j e sinsx dx
P

\/z [s/1+s%]
V4

File”]

22.Give a function which self reciprocal under Fourier sine & cosine transforms
Solution:
=1/Vx
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23.State the modulation theorem in Fourier transform
Statement:
If F(s) is the Fourier transform of f(x) , then
F[f(x) cos ax] =1/2 [F (s+a) +F(s-a)].
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24.State the Parsevals identity on Fourier transform

Statement:

If F(s) is the Fourier transform of f(x), then

j“; If(x) I dx = r; IF(s)1? ds.
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25. Find F [xe™

Solution:
Fe [xe™] = Fo[e™]

2 0 -ax . d

[ ;J; e sinsx dx]
/E{ s }
z|1+5s?

T
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UNIT:1I

PARTIAL DIFFERENTIAL EQUATIONS

1)Explain how partial differential equation are formed.
Soln:

Partial differential equation can be obtained

i)by eliminating the arbitrary constants that occure in the functional relation
between the dependent and independent variables. (OR)

ii)by eliminating arbitrary functions from a given relation between the dependent
and independent variables.
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2) Form the partial differential equation by eliminating the arbitrary constants a and b
from Z=ax+by.

Soln:

Given Z=ax+by --------- (1)

Differentiating (1) partially w.r.to ‘X’ we get
@ =a, lie)p=a
OX

Differentiating (1) partially w. r.to ‘v’ we get
a =b, ie)gq=h.
oy

Substituting in (1) we get the required p.d.e z=px+qy.
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3) Eliminate the arbitrary constants a and b from z=ax+by+a2+b2 .



Soln:

Given z=ax+by+a2+b2 ————————— (1)
Differentiating (1) partially w.r.to ‘X’ we get
0z
—=a
OX
ie)p=a - (2)
differentiating (1) partially w.r.to ‘y’ we get
z
a_y
oy
ie) g=b ---m-eeee- (3)

substituting in equation (1) we get the required p.d.e z=px+qy+p2+q2
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4) Form a p.d.e by eliminating the arbitrary constants a and b from Z=(x+a)*+(y-b)?

Soln:
Given Z= (x+a)*+(y-b)?

P =@ =2(x+a) , ie) x+a=
OX

N o

0z . q
=— =2(y-b) , b==
q & (y-b) ie) y >

‘ B B2 ﬂ2
..(1):>z—(2j +(2j

2 2
;=P 4

4 4
47 = p*+q’

Which is the required p.d.e.
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5) Form the p.d.e by eliminating the constants a and b from z = ax"+by".
Soln:

Given: z=ax"+by". ----mm-emmme (1)
oz i
P =6_ = anx™!
X
o=ax™

px
Multiply ‘X’ we get, |, =ax" --------- (2)



_ oz _

= bny™"
q oy y
9
n = byn-l
vy
Multiply “y" weget, [, =by" ------m-- (3)

)
Substitute (2) and (3) in (1) we get the required p.d.e z= [, +

Zn=px+qy.
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6.Form the partial differential equation by eliminating a and b from z=a(x+y)+b.
Soln:

Given z = a(x+y)+b

From (1) and (2) we get the required p.d.e p=q.

ANANANANNNNNNNNNNNNNNNANANNNNANNNNNNNNANNNNNNNNNNNNNNANNNNNNNNNNNNANNNNNNNNNNNNNNNNNNN

7) Find the p.d.e of all planes having equal intercepts on the X and Y axis.
Soln:

.. X Z
Intercept form of the plane equation is —+%+— =1.
a C

Given : a=b. [Equal intercepts on the x and y axis]

Here a and c are the two arbitrary constants .
Differentiating (1) p.w.r.to ‘X’ we get

1+O+l@=0
a C OX
1+1p=0.
a ¢
1 1
i (2)
a c

7

Dff(1) p.w.r.to. ‘y’ we get



+-0q=0

L |-
O |-

1
a

-1y 3)
C

From (2)and (3) =- 1p:—lq
C C

p =g ,whihisthe required p.de.
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8) Eliminate f from z = x+y+f(xy)
Soln:
Given z = x+y+f(xy) ----------- (1)
Diff (1) p.w.r.to ‘X’

P= a =1+f "(xy)y
OX

p-1=yf'(xy) --mmmmmoes (2)
diff (1) p.w.r.to ‘y’

q =Q =1+4f "(xy)x
oy

g-1 = xf (xy) ----------m------ (3)
@ _ p1_y
3 9g-1 x
Px-x = qy-y
Px-qy = x-y is the required p.d.e.
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9) Eliminate the arbitrary function f from z= f(lj and form a partial differential

X
equation.
Soln:
Given z = f(lj ________________ (1)
X

Differentiating (1) p.w.r.to ‘x’ we get

p =2 f(l)[‘—yj -------------- @
OX X N\ X

Differentiating (1) p.w.r.to y we get

YDA O
IO S —

@322__)/
@ 9 x



S px = -qy
ie) px+qy= 0 istherequired p.d.e.
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10) Eliminate the arbitrary functions f and g from z = f(x+iy)+g(x-iy) to obtain a partial
differential equation involving z,x,y.

Soln:
Given : z = f(x+iy)+g(x-iy)  --------mm-mm--mmm- (1)
P _% f'(x+iy)+g '(x-iy) ----mmmmmee- (2)
OX
q= g=i f'(x+iy)-ig "(x-1y) -----m--mm-mm--- (3)
oy
2
r =a—§ = f"(x+iy)+g" (x-iy) --------m--mmom- (4)
OX
0’z
t= — = -f"(x+iy)-g"(x-iy) - (5)
Y x+iy)-g"(x-iy

r+t=0 is the required p.d.e.
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2

z
11) Find the general solution of oz =0
ayz

Soln:
2

Z
Given ~3 = 0

ie) g(gj =0
oy\ oy
Integrating w.r.to ‘y’ on both sides

0z
— = a (constants)
oy

ie) 2—;=f(x)

Again integrating w.r.to ‘y’ on both sides.
z =f(x)y+b
ie) z=f(x)y+F(x)
(or) z=y f(x)+F(x) , where both f(x) and F(x) are arbitrary.
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12) Mention three types of solution of a p.d.e (or) Define general and complete
integrals of a p.d.e.
soln:



1) A solution which contains as many arbitrary constants as there are independent
variables is called a complete integral (or)complete solution.(number of arbitrary
constants=number of independent variables)

2) A solution obtained by giving particular values to the arbitrary constants in a complete
integral is called a particular integral (or) particular solution.

3) A solution of a p.d.e which contains the maximum possible number of arbitrary
functions is called a general integral (or) general solution.

ANANANANNNNNNNNNNNNNNNANNNNNNNNNNNNNNNNNNNNNNNNNANNNANNNNNNNNNNNANNNNNNNNANNNANNNANANANNN

13) Find the complete integral of p-g=o.

Soln:
Given p-q=0 ----------------- (1)
This equation of the form F(p,q)=0--------- (2)
Hence thetrialsoln is z=axtby+c --------- (3)

To get the complete integral (solution) of (3).
We have to eliminate any one of the arbitrary constants. Since in a complete
integral.
Number of arbitrary constants=number of independent variables
(3) =z = ax+by+c
p-2_
OX
q -2y
oy
(1) =a-b=0
b=a
Hence the complete integral is z = ax+ay+c.
Hence number of arbitrary constants=number of independent variables.

a
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14) Obtain the complete solution of the equation z = px+qy-2,/ pq .
Soln:

Given :z = px+qy-2m
This is of the form z = px+qy+f(p,q) ,[clairaut’s form]
Hence the complete integral is
z = ax+by-2 \/%, where a and b are arbitrary constants.
ANANNNANNNNNNANNNNNANNNNNNNNNANNANNANNNNNNANNNANNNANNANNNNNNANANNNNANNANNANNNANNANNNANNN
15) Find the complete integral of the partial differential equation (1-x)p+(2-y)q =3-z.
Soln:
Given (1-x)p+(2-y)g =3-z
p-px+29-qy = 3-z
Z = px+qy-p-29+3
This equation is of the form z = px+qy+f(p,q), [clairaut’s type]



Hence the complete integral is z = ax+by-a-2b+3.
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16) Solve p =2qgx.

Soln:

Given p =2qx, this equation is of the form f(x,p,q) = 0.

Let g=a
Then p=2ax
But dz = pdx+qdy
dz = 2ax.dx+ady
Integrating on both sides we get
z=ax’+ay+c (1)

equation (1) is the complete integral of the given equation.

Differentiating partially w.r.to ‘c’ ,we get 1=0

Hence there is no singular integral .

General integral can be found out in the usual way.

ANANANANNNANNNNNNNNNNNNANNNANNNNNNNNNANNNNNNNANNNNNNNNANNNNNNNNNNNANNNNNNNNANNNANANNANNNNN

17)Find the complete integral of q = 2px.
Soln:
Given q = 2px
This eqn is of the form f(x,p,q)=0

a
Let g=a then p=—
2X

a
But dz= — dx+ady
2X
Integrating on both sides

[dz =ji dx+[a dy
2X

z =% logx+ay+b.
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18) Find the complete integral of pg = xy.

Soln:
Given pq=xy
Hence P = y
X q
It is of the form f(x,p)=d(y,q)
Let P_ X=a [a is an arbitrary constant]
X

y

P=axand q==
a



Hence dz = p dx+qdy

dz= axdx+1 dy
a

Integrating on both sides.

2 2
z=a > +2 4
2 2a
2az= a2x2+y2+b is the required complete integral.
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19) Find the complete integral of \/6+\/a =2x
Soln:
Given Jp+4/q =2x
The given equation can be written as

Jp -2=—q

This is of the form  f(x,p) = $(y,q)

Let \/6 —2x=—\/a =a (say)
\/6=a+2x, \/_=—a

P=(a+2x)’ , g=a’

Now dz=p dx-qdy
= (a+dx)® dx+a’ dy

a+2x)*
z= u +a2y+b is the complete integral.
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20) Solve px+qy=z
Soln:
Given px+qy=z ----------- (1)
This eqn is of the form Pp,=Qq4=R
When P=x, Q=y ,R=z

The subsidiary equations are % = ﬂ = %
p Q R
o S _@
X 'y z
Take _:d_y , Take _:%
y z
o _[dy o _dz
X y ’ X z



logx = logy+logc,

, logx = logz+logc,
logx = log(yci) , logx=log(zcy)
X=YyC1 ,  X=2Cp
X X
—=C , —=C
y z
. X X
ie) u=— ,  V=—
z
. . . X X
The solution of the given p.d.e is ;/{—,—} =0
y 2z
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21) Solve (D*-2DD'+D")z=0
Soln:

Given (D*2DD+D")z=0

The auxiliary eqn is m*2m+1=0

ie) (m-1)>=0

m=1,1
The roots are equal.

. C.F = da(y+x)+xda(y+x)
Hence z=C.F alone

z = da(y+x)+xda(y+x).
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22) Solve (D*-D"™)z=0
Soln:
Given (D*-D")z=0
The auxiliary equation is m*1=0
[Replace D by m and D' by 1]
Solving (m%1)(m®+1)=0

m’1=0 m%+1 =0

m?=1 , m?=-1

m=+1 , m=++-1=%i
ie)m =1,-1,i,-i

The solution is z = d1(y+x)+ da(y-x)+Ps(y+ix)+da(y-ix).
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23) Find the P.l of [D?+4DD']y =¢*
Soln:

JE——

2 Ie
D°+4DD



1 x+0y

D? +4DD’

e Lt Replace D byland D' byO
1+ 4(1)(0)

=e*.
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24) Solve [D? — 2DD’ + D'?] z=cos(x-3y).
Soln:
Given [D?—2DD’+ D'*]z=cos(x-3y).
The auxiliary equation is m2-2m+1=0
(m-1)*=0
m=1,1
C.F =f1(y+x)+xfo(y+x).
1

P.I= cos(X—3
D?-2DD'+D"? ( 2

_ cos(x—3y)
T -1-2(3)-9

-1
=—C0S(x—3
16 (x—3y)
.. The complete solutionis Z= fl(y+x)+xf2(y+x)—%cos(x%y) .
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25) Solve (D+D'-2)z=0
Soln:

Given (D+D"-2)z=0

ie) [D-(-1)D"-2]z=0

we know that working rule case (i) is

If (D-mD'-c)z=0 then z=e" fly+mx) where fis arbitrary

Here m=-1, c=2

. z=e® fly+(-1)x] = ¥ f(y-x)
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UNIT-1V

APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS.

1. Write down all possible solutions of one dimensional wave equation.
Ans:
y(x,H)=(cre™+ce ™) (caeP+cse™)
y(x,t)=( cscospx+cssinpx) (cscospat+cgsinpat)
Y(X,£)=(CoX+C10)(C11t+C12).
2.Classify the partial differential equation 4uy=u ¢
Ans:
Given 4uy-u=0
A=4,B=0,C=0
A= B%4AC=(0)2-4(4)0
=0
p.d.e is parabolic.
3.Classify the partial differential equation xzuxx+2xyuxy+(1+y2)uyy-2uX:0
Ans:

A=x? B=2xy,C=1+y?

A=B*-4AC
=-4x% <0
p.d.e. is elliptic.

WA R R R R



4.Classify the partial differential equation Uyx=Uyy
Ans:
A=1,B=0,C=-1
A=B*4AC
=0-4(1)(-1)
=4
>0
p.d.e is hyperbolic.
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5.A rod 20cm long with insulated sides has its ends A and B kept at 30°C and 90°C respectively.
Find the steady state temperature distribution of the rod.

Ans:
When steady state condition exists the heat flow equation is
Uy=0
i.e., U(X)=CaX+Couvinirininennene. 1)
The boundary conditions are
(a).u(0)=30(b)
(b).u(20)=90
Applying (a) in(1),we get
U0)=C2=30....cceveeninnnen. (2)
Substituting (2) in(1),we get
UX)=C1x+30....evinininnnnen. (3)

Applying (b) in (3),we get



=90

€1%x20+30

U(20)

(4)

C1=90-30/20=6/2=3. ... e

U(x)=3x+30

Substituting(4)in(3),

6.What is the Fourier law of heat conduction.

Ans:

-KA(Uy)x

Q

Quantity of heat flowing

Q:

thermal conductivity

K=

area of cross section

A

Ux=temperature gradient

(The rate at which heat flows across an area A at distance x from one end of a bar is

proportional to temperature gradient.)

=0

Uxx+Uyy

Ans:

7.State the two-dimensional Laplace equation.

a2UXX.What does o stands for?

8.In one dimensional heat equation uy

Ans:

o?=Thermal diffusivity.



9.Classify the partial differential equation 3uyy+4uyy+3uy-2ux=0
Ans:
Given  3uxt4uy,+3u,-2u, =0
A=3,B=4,C=0
B®-4AC=16>0
p.d.e is hyperbolic.
10.Write the one dimensional wave equation with initial and boundary conditions in
which the initial position of the string is f(x) and the initial velocity imparted at
each point x is g(x).
Ans:
The one dimensional wave equation is Ug= 02Uy
The boundary conditions are (Hu(0,1)=0
(iNu(x,0)=f(x)
(ii)u(l,t)=0
(iv)ut (x,0)=g(x)
11 .What is the basic difference between the solutions of one dimensional wave
equation and one dimensional heat equation.
Ans:
Solution of the one dimensional wave equation is of periodic in nature.

But Solution of the one dimensional heat equation is not of periodic in nature.
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12.In steady state conditions derive the solution of one dimensional heat flow

equation.

Ans:

When steady state conditions exist the heat flow equation is independent of time t.
UFO
The heat flow equation becomes

UXX:O

R R R R R R R R R R R R R R R R R R R R R R R R e R R R R R R A A A N A A e

13.In the wave equation Uy= c?Uyy,What does c? stand for?

Ans:

C 2=T/m=Tension/mass per unit length
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14.Classify the partial differential equation Usx+ 2Uy,+Uyy = e @3

Ans:

p.d.e is parabolic.
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15.1n 2D heat equation or Laplace equation ,What is the basic assumption.
Ans:

When the heat flow is along curves instead of straight lines,the curves lying in parallel planes
the flow is called two dimensional.



16.Define steady state temperature distribution.
Ans:

If the temperature will not change when time varies is called steady state temperature
distribution.
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17.State any two laws which are assumed to derive one dimensional heat equation.
Ans:

(i) The sides of the bar are insulated so that the loss or gain of heat from the sides by
conduction or radiation is negligible.

(if) The same amount of heat is applied at all points of the face.
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18.Classify the following partial differential equations.
(8)y*Usx-2xyUyy +x°Uyy+2U,-3U=0
(b)y* Uyt Uyy+U,2+U, *+7 =0
Ans:
(a)A=y?, B=-2xy,C=x"
B2-4AC=4x%y*-4x%y* =0
p.d.f is parabolic.
(b) A=y?B=0,C=1
B2-4AC=-4y <0

p.d.fis Elliptic.

R
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19.Classify the following second order partial differential equation

(a)4UXx+4ny+Uyy '6UX'8Uy'l6U=0



(b)Uxx +Uyy= U%+U?,
Ans;
(a)A=4,B=4,C=1
B®-4AC=0
p.d.e is parabolic equation.
(b) A=1,B=0,C=1
B2-4AC=-4
<0
p.d.e is Elliptic equation.
20.The ends A and B of a rod of length 10 cm long have their temperature kept at 20°C
and 70°C. Find the steady state temperature distribution on the rod.
Ans:
When steady state conditions exists the heat flow equation is
Uxx=0
i.e., UX)=CiX +Co.verinnnnn.n. 1)
The boundary conditions are  (a) u(0)=20 (b) u(10)=70
Applying (a) in (1), we get
U(0)=c,=20
Substituting ¢,=20 in (1) ,we get
U(X) =cix+20 ... (2)
Applying (b) in (2) , we get

U(10)=c;10+20=70

TR R



Substituting ¢;=5in (2) , we get
U(x)=5x+20
21. Classify the partial differential equation Uyy+xUy,=0
Ans:
Here A=1 ,B=0,C=x
B%-4AC= -4x
(HEMiptic if x>0
(it)Parabolic if x=0
(iii)Hyperbolic if x<0
22. An insulated rod of length | =60 cm has its ends at A and B maintained at 30°C and
40°C respectively. Find the steady state solution.
Ans:
The heat flow equation is U= 0PUyx — «oevvvvvnnnnnn.... (1)
When steady state condition exist the heat flow equation becomes
Uxx=0
i.e Ux=0
UX)=CIXHC2 v, (2
The end conditions are
U0)=30 ..oovveeee. (3)
UN=40 ............oenenls 4)

Substituting (3) in (2) we get



U(0)=c,=30
UMX)=C1X+30...ccooiiiiniinnn.. (5)

Substituting (4) in(5) we get
U(l)=c,1+30=40

Cil=40

Substituting (6)in (5) we get
U(x)=40x/ 1+30
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23.Write the solution of one dimensional heat flow equation , when the time derivative is absent.

Ans:

When time derivative is absent the heat flow equation is Uy=0.
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24. If the solution of one dimensional heat flow equation depends neither on Fourier cosine
series nor on Fourier sine series , what would have been the nature of the end conditions.

Ans:
One end should be thermally insulated and the other end is at zero temperature.
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25.Explain the initial and boundary value problems .
Ans:

In ordinary differential equations, first we get the general solution which contains
the arbitrary constants and then we determine these constants from the given initial
values.This type of problems are called initial value problems.

In many physical problems, we always seek a solution of the differential equations,
Whether it is ordinary or partial, which satisfies some specified conditions called
boundary conditions. Any differential equations together with these boundary
Conditions is called boundary value problems.

R
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UNIT-V

Z-TRANSFORMS AND DIFFERENCE EQUATIONS

1. Define Z-tranforms of the sequence {x(n)}.
Ans:

a) Z-transform (two sided or bilateral) :
Let {x(n)} be a sequence defined for all integers then its Z-transform is defined to be

Z{x(n)} = X(2) = Z x(n)z™

where Z is an arbitrary complex number.

b) Z-transform (one-sided or unilateral) :
Let {x(n)} be a sequence defined for n=0,1,2,...and x(n)=0 for n<0, then its Z-transform is
defined to be

Z{xn)} =Xx(2) = x(n)z™™
=

!

where Z is an arbitrary complex number.
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2. Define Z-tranforms of f(t).
Ans:
Z-transform for discrete values of t :
If f(t) is a function defined for discrete values of t where t=nT , n=0,1,2,...T being the
sampling period , then Z-transform of f(t) is defined as

Z{f (D)} = F(2) = Z FlnT)z"
n=0
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=

3. Provethat Z[a™] = — if |z
=l

Solution:
We know that Z{x(n)} = X x(n)z™"
Here x(n) =a"
“Z{atl= ¥i,amz "

= En:ga'



-
w,

=1+24+(2) +-

=4
2]t . . n
=[l——] [+ (1l—x)t=1+x+x7+ -]
=
. z—c]_i
=z
==, lzl = lal
-
. ¥ 3 - -
ie., Z[a®] = — if |z| = |al.
=l
NNNNNNNNNNNNN - P P A7 P A A A A P A7 P A A S O PSS

4. State and prove initial value theorem in Z-transform.
Statement:
If {f(t)} = F(z), then f(0) = lim_._..F(z).
Proof:
WKT,
Z{fit)}=F(Z) = By f(nT)z™™
=fOT)+ FAT)z"Y + F(2T)z"2 + -

£(T) | f(2m)

=flO+=+=+..
=
o ]jmz—h:cF:z:I = ]jm [f:ﬂ:l +_| s _'+_| |._—FJ .'+ ..-]
=00 F- i
=r{0)
ie., f{0) = lim__,.. F(z).
5. State First Shifting theorem.

Statement:

(i) If Z{f(£)} = F(z) , then Z{e™ ¢ ()} = F[ze%T]

(i) If Z{f(t)} = Flz) , then Z{e® f(t)} = Flze~97]

(iii) F Z{F ()} = F(2), then Z{a"F()} = F E]

(iv) If Z{f(n)} = F(z),then Z{a"f(n)}=F E]

6. Find Z[a"n)
Solution:
WKT. Z[af(m)] = FE]

Here f(n) =n
» Z[a™n] = [Z[n]] -

T——

a
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7. State the Differentiation in the Z-Domain.

Statement:
(i) zlnf(e)] = —z% F[2]

d

(i) Zlnf(m)] = —z<F2]

LS L L L T NN N N N N N LV N NV N N N N N VT N N N T N VT N N N N NV VT VL VL VT NN N VLT N VL VLN VLV N VLV VT VLV VT VL VLN VL VT NV VLN VL VLN VLV VT VL VLV VY]

8. Find Z[n"]
Solution:
WKT. Z[nf(n)] = —z < F[z]

b ] d
Z[n*]=Z[nn] = —z_ Z[n]
—_-5 |_= - 7ln] = —=
T Tz [':z—‘l_":] [ Z[ﬂ] (z—1)"
- . [':z—i )*(1)—=[2(=—1 ]]
o B (z—13*

L [3—1—23]
~ Liz-1)F

= o[

=°+=

i(=—1)¢

2 2+=

ie., Z[n"]

(z—1)%



9. Find the Z-transform of (n+1)(n+2).

Solution:
Z[(n+1)(n+2)] =

|
—
kg | kg
| k
|
2]
[E—
|
[%]
—
|
= "
T
—_
; |
]
—
[5]
| |N
=
[
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10. State and prove Second Shifting theorem.
Statement:
If {f{t)} =F(z),then Z[f(t + T)] = zF(z) — zf(0).
Proof:
WK.T., Z{f(t)}=%r,fnT)z™"
w Z[ft+ T =i f(nT+T)z7"

= z Yo f(mT)z™™ where m=n+1

=zf(z) — zf(0)
ie., Z[f(t+T)] =zF(z) — zf(0).
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11. Prove that Z[f(n+ 1)] = zF(z) — zf(0).
Proof:
W.K.T., Z{xin)} = Bl x(n)z™"
{fn+1)}= B, fin+1)zm
= = g N o=
= ~Xp=ofin+1)z

=237 fin+ 1)
; .

=z¥r fin+ 1)z 7z



= 23 fln + Dz
=z Xy flm)z™™ where m=n+1
= z[BZ_ Flm)z=™ = £(0)]
= zf(z) — zf(0)

ie., Z[f(n+ 1)] = zF(z) — zf(0).
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12. Find the Z-transform of unit sample sequence.
Solution:
W.K.T., Z{x(n)} = T x(n)z™"

Also W.K.T., &(n] is the unit sample sequence.

n=0
ie. 8(n) = {; i: ;:}_ o e (1)

—1+0+0+ [ ()]

I
-

VL VLNENENE VIV VNNV VNIV

VL VL VT N NE N N VN NN N VN N VT VNN VLV N N VLV VN VLV VNN LVL VLV VENENEV VLV NIV

13. Find the Z-transform of unit step sequence.
Solution:
W.KT, Z{x(n)} = T x(n)z™"
Also W.K.T., §(7t) is the unit step sequence.
ie., uln) = {; j?z 2?: g ........ (1)
Now, Z[u(n)]= X u(n)z™"
= XimpZ ™ [+ (1)]

=1+t
= ==



14. State Final Value theorem.
Statement:
If {f(t)} = F(z),thenlim,_, . f(t) = lim__,,(z— 1) F(z).

15. State Convolution theorem on Z-transform.
Statement:
(i) If Z[x(n)] = X(z) and Z[y(n)] = Y(z) then
Z{x(n)*y(n)} = X(z).Y(z)
(i) Z[f(t)] = F(z) and Z[g(t)] = G(z) then
Z{f(t)=g(t)} = F(2).G(z)
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16. Find =™ [“—]

(z—aliz—b)
Solution:
i ke
(z—a)iz—b) =z—a =-b
=] ]
B - B z—b
— @b
=% pa™ brb"
1
— nYm m_ L
=0 Ew:Da B
= k" 1
= h"
n n— at—1
= p" a 4 a" 1 _
z—1
= "
= k"
Fiafti_pitt
| —
= pn|—
la—h




a—b

2 N4+ _ 7+
, 1 = _ & -b
1.,z B — | — -
lz—ali=z—b) a—b
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17. Form a difference equation by eliminating arbitrary constant from u, = a 2"**
Solution:

Given, u, = a 2™

Unsy=a 2"

=23 2n+1 2
=2a2™ L. (2)
Eliminating the constant ‘a’, we get,
U, l‘ -0
TUyaq 2
2Up-Un41=0
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18. Form the difference equation from y,=a+b3"
Solution:

Given, y,=a+b3"
Ynu=a+b3 ™!

=a+3b3" .. (2)
Y,.,=a+b3"*?
=a+9b 3" .. (3)
Eliminating a and b from (1),(2)&(3) we get,
¥y 1 1
Vips1 1 3I|=0
Vysa 1 9

Yn[9-3]-(1)[9Yn+1-3Yns2lH(1)[Yns1-Yns2] = 0
6Yn-9Yn+1+3Yn+2+Yns1-Yni2 = 0
2Yn+2-8Yn+1+6yn = 0

Yn+2-4Yn+1+3yn = 0
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19. Find £ [i—] in Z-transform.

Solution:
W.K.T., Z{x(n)} = B3 x(n)z™"



I
| Rl
P4

Il
l_'l
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20. Find Z[e '] using Z-transform.

Solution:

= {z[1]}, . iaT [By Shifting property]

= =
=[=] [ z[1] ==
SEEEY-- T =
_ zEaaT
zsiar—‘l
. zb.’:]"
ie ,Z’[E = ] =—
zattl -1

ST VL VLY VLN N VLN N VL VLN VL VLY NE VST VLV VL VLN N VLV N VL N N VLN ST VLV ST LN T VLT VL VE VT ST VL VY VL VLV ST VL NT NENE VY N VLN VLV VY NEVENT N VLNT VL VL VE VL NT VL VLV

21. Find the Z-Transform of n.
Solution:
W.K.T., Z{x(n)} = X3 x(n)z™™

Here x(n) = n

_ 1 2 3 .
T T
=l[l_:_i:_]
Z = =
_ 1 1_: o= — Dy 3 2
—;[l—;] [ (L—x)""=1+2x+3x" +-]

I
t |
| |
£
|bq t-q||

I
t |
r
ty
|
—_— —



z (z—1)2
_ =
- (z—1)*
e, Z[n] = —
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22. Find the Z-Transform of cosn# and sinnf .

Solution:
W.K.T, Z[a"] =

z[[:e:ﬂ}ﬂ] = —%

= Z[cosnf + isinnf] =

4

(z—cozf)*+zin® 8

zlz—cosf) ) zzind
)

(z—cos8) +sin® 8 (z—cosd)®+sin® g
Equating the real and imaginary parts on both sides,we get,
zlz—cosf)
Zlecosnf| = ————
[ ] (z—cosf}*+sin* @
zsind

Z[sinnf] =

(z—cos8)+zin® @
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23.Findz[2] ,n > 0.

Solution:
W.KT, Z{x(n)} = B3 jx(n)z™"

Here x(n) = =

. 1 _ @ 1 _-—n
] = Tl
o 1




= —log (l—lj [ log(1l—x) = —x —?—

=log (i] [+ loga® = p loga]
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[X]

. . = . .
24. Find the inverse Z-transform of —_z using convolution theorem.
Solution:
— .3: — = =
] =2 () (2))
Lz—al* [z—cj I‘:s—r.':]
= g"=g" where * denotes convalution.
—_ n k onm—k
= Xi-pa’a
—_ n komn_—k
= lp-—ga-a’a
= 2y=ga”
= @™ XFoo(1)
=a"[1+1+ 1+ (n+1)times]
=a"+a"+a"+ - [(n+ 1)times]
=(n+1)a”"
_ .-3': n
.27 [ ] = (n+ Dy
l=—a!”
-1 =
25. Evaluate 2 7% | ——|.
T +T7=+10
Solution:
4
Let X(_j T {z+Eiz+d)
Xi=z) _ 1 4 E
o (=+5)i=+2) o (=+2) (=+5)

= 1=A(z+5)+EB(z+2

Put z = -2 ,we get
1=A(—2+5)+ B(0)
1 =34



A=

w1 |

Put z = —5,we get

1=A4(0)+B(-5+2)

1= —-3F
B=2

-
o

CoxE 1 1

= 3(=z+2) 3(=+5)
X(z) = —
3=+2)  3i=+E

= Z{x(n)}= —— —

=)
5]

|
_I .'I.
=
5]

|
1)

= x(n) =

W W= W

F—13m

2 ['1.::_'-] B %:_1 ['1-:5-"]
(-2)" -z (-5)"
[(—)"(2" - 57)]

ie.lz"i[ > ] = S -s7

=2+ Tz +10
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