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UNIT 3– DIFFERENTIAL CALCULUS Curvature in Cartesian coordinates 
 

Curvature: Curvature of a curve is a measure of rate of change of bendiness. 

 
Radius of curvature to a curve at a point is denoted by and is the reciprocal of the curvature at that 

point. Thus 

Cartesian form: If ,then 
 

 
If ,then 

 

 

 
 

1. Find the radius of curvature at the point (
3𝑎 

, 
3𝑎

) on the curve 𝑥3 + 𝑦3 = 3axy. 
2 2 

 

SOLN: The radius of curvature at the given point is 
 

3 
𝑑𝑦 2 2 

 
𝜌 = 

 

 
Equation of the given curve is 𝑥3 + 𝑦3 = 3axy, 

[1 + (𝑑𝑥)  ] 
 

 

𝑑2𝑦 
(
𝑑𝑥2) 

 

Differentiating the equation of the curve w.r.to x, we get 
 

3𝑥2  + 3𝑦2 
𝑑𝑦

 
𝑑𝑥 

𝑑𝑦 
= 3𝑎 [𝑥 + 𝑦] 

𝑑𝑥 
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UNIT 3– DIFFERENTIAL CALCULUS Curvature in Cartesian coordinates 
 

𝑖. 𝑒. , 3 (𝑦2 − 𝑎𝑥) 
𝑑𝑦 

= 3 (𝑎𝑦 − 𝑥2) 
𝑑𝑥 

𝑑𝑦 (𝑎𝑦 − 𝑥2) 
∴ 

𝑑𝑥 
= 

(𝑦2 − 𝑎𝑥) 
… (1)

 

Again differentiating w.r.to. ‘x’, we get 
 

 
𝑑2𝑦 

𝑑𝑥2  
=

 

(𝑦2 − 𝑎𝑥) (𝑎 
𝑑𝑦 

− 2𝑥) − (𝑎𝑦 − 𝑥2) (2𝑦 
𝑑𝑦 

− 𝑎) 
𝑑𝑥 𝑑𝑥 

 

(𝑦2 − 𝑎𝑥)2 
 

3𝑎2 9𝑎2 

 

… (2) 

𝑑𝑦 (  2   −   4  ) 
∴  ( ) 

3𝑎 3𝑎  
= 9𝑎2 3𝑎2 = −1 

𝑑𝑥 ( 2 , 2 ) (  4   −   2  ) 
 

9𝑎2 
 

 

3𝑎2  ( 
 

 

) 3𝑎2 
 

 

9𝑎2 
 

 𝑑2𝑦 (  4   − 2 ) −𝑎 − 3𝑎 − (  2  − 4 ) (−3𝑎 − 𝑎) (
𝑑𝑥2) 

3𝑎 3𝑎 
=

 9𝑎2 3𝑎2 2 = −1 
( 2 , 2 ) 

 
3𝑎2 ( 

 
 

(  4   −   2  ) 

) 
−3𝑎2 

 
 

4 −4𝑎 
= 

− ( 

3𝑎2 
4    ) (−4𝑎) 
2 

( 4  ) 
 

−3𝑎3 − 3𝑎3 
=  

9𝑎4 
( 16 ) 

 

−6𝑎3 × 16 
= 

9𝑎4 = 
−32 

 
 

3𝑎 

 
 

 
3𝑎 

 
 

 
3𝑎 

𝐻𝑒𝑛𝑐𝑒, 𝑡𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 ( 
2 

,  ) 𝑖𝑠 2 

 

 
 

𝜌 = 

 
3 

[1 + (−1)2]2 
= 

(
−32

)
 

3𝑎 

3   

− (22 × 3𝑎) 
 

 

32 

 
 

𝜌 = 
−3√2𝑎 

 
 

16 
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𝑑𝑥 

 
 

UNIT 3– DIFFERENTIAL CALCULUS Curvature in Cartesian coordinates 
 

 
 

𝑖. 𝑒. , 𝜌 = 
3√2𝑎 

 
 

16 
, 𝑠𝑖𝑛𝑐𝑒 𝜌 𝑖𝑠 𝑎𝑙𝑤𝑎𝑦𝑠 𝑛𝑜𝑛 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒. 

1 
2. 𝐹𝑖𝑛𝑑 𝑡𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑡𝑒 𝑝𝑜𝑖𝑛𝑡 ( , 

4 

1 
) 𝑜𝑛 𝑡𝑒 𝑐𝑢𝑟𝑣𝑒 √𝑥 + √𝑦 = 1 

4 
 

1 1 

SOLN: Equation of the given curve is 𝑥2 + 𝑦2 = 1. 

Differentiating w.r.to x, we get 

1 −1 
𝑥 2   + 

2 

1   −1 𝑑𝑦 
𝑦 2 = 0 

2 𝑑𝑥 
 

 
𝑖. 𝑒., 

1 1   𝑑𝑦 
+ = 0 

2√𝑥 2√𝑦 𝑑𝑥 

 
 

 
 
 
Again differentiating w.r.to x, we get 

𝑑𝑦 
⟹ 

𝑑𝑥 

√𝑦 
= − 

√𝑥 

 

1  −1 𝑑𝑦 
 1   −1 

𝑑2𝑦 

𝑑𝑥2  
=

 

− [√𝑥 
2 

𝑦 2   
𝑑𝑥   

−    √𝑦 

𝑥 
2 𝑥 2 ] 

 
 

 

 

 √𝑥 𝑑𝑦 [ 
2√𝑦 

= − 

√𝑦 
− ] 

2√𝑥 
𝑥 

 
 

 √𝑥  √𝑦  √𝑦  [
 (− ) −  ] 
2√𝑦 

= − 
√𝑥 

𝑥 

2√𝑥 

 
 

− (
1   

+   
√𝑦 

) 
 2 2√𝑥 

= 
𝑥 

 

−(√𝑥 + √𝑦) 
= 

2𝑥 √𝑥 
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UNIT 3– DIFFERENTIAL CALCULUS Curvature in Cartesian coordinates 
 

 

𝑑𝑦 
𝑁𝑜𝑤, ( 

 

) 
1 1   

= 

 1   
− ( ) 

√4 
  1   

 

 
= −1 

𝑑𝑥 (4 ,4) ( ) 
√4 

 
𝑑2𝑦 

(
𝑑𝑥2

) 
1 1   

=
 

(4 ,4) 

 
 1  1 (

 +  ) 
  √4 √4  

= 

2. 
1 1   
4 √4 

 2   
( ) 
   √4  

  1 
= 4 

( ) 
2√4 

1 1 
𝐻𝑒𝑛𝑐𝑒 , 𝑡𝑒 𝑟𝑎𝑑𝑖𝑢𝑠 𝑜𝑓 𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑡𝑒 𝑝𝑜𝑖𝑛𝑡 ( , 

4 
) 𝑖𝑠 4 

 

3 
𝑑𝑦 2 2 

 
𝜌 = 

[ 1 + ( ) ] 
𝑑𝑥 

𝑑2𝑦 
1 1 

𝑎𝑡  (   ,   ) = 
[1 + (−1) 

3 3 
2]2 22 

= 

 
 

2√2 1 
= = 

4 4 
(
𝑑𝑥2) 

4 4 4 √2 

 

3. Find the radius of curvature at 𝑥 = 𝑐 on the curve 𝑥𝑦 = 𝑐2. 
 

Soln: 
 

Given equation of a curve is 𝑥𝑦 = 𝑐2 … (1) 
 

Since 𝑥 = 𝑐, 𝑐𝑦 = 𝑐2 ⟹ 𝑦 = 𝑐 
 

∴ we have to find the radius of curvature at (𝑐, 𝑐) on 𝑥𝑦 = 𝑐2 
 

Differentiating equation (1) w.r.to.x, we get 
 

 

 

 
𝑑𝑦 

⟹ 
𝑑𝑥 

𝑑𝑦 
𝑥 

𝑑𝑥 

𝑦 
= − 

𝑥 

 

+ 𝑦 = 0 
 
 
 

… (2) 

 

 
 

 
Differentiating (2) w.r.to. x, we get 

𝑑𝑦 
∴ ( 

𝑑𝑥 

 

) 
𝑐,𝑐 

−𝑐 
= 

𝑐 

 

= −1 

 

 
𝑑2𝑦 

𝑑𝑥2 = − 

[𝑥 
𝑑𝑦 

− 𝑦. 1] 
𝑑𝑥 

 

𝑥2 

[𝑥. (
−𝑦

) − 𝑦] 
=   − 𝑥 

𝑥2 
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UNIT 3– DIFFERENTIAL CALCULUS Curvature in Cartesian coordinates 
 

 
 

 
𝑑2𝑦 

 

2𝑦 
= 

𝑥2 

 
 
 
 

2𝑐 2 
 

 
∴ The radius of curvature at (c,c) is 

∴ (
𝑑𝑥2)  

(𝑐,𝑐) 

= 
𝑐2    = 

𝑐
 

 

 
 
 

𝜌 = 

3 
𝑑𝑦 2 2 

[1 + ( )  ] 
𝑑𝑥 

 
 

𝑑2𝑦 

 
 

𝑎𝑡 (𝑐, 𝑐) 
( ) 

𝑑𝑥 
 

 
 
 
 

 
 

i.e. 𝜌 = 𝑐√2 

3 
[1 + (−1)2]2 

= 
2 

= 
(𝑐) 

3 

22 
 

 

2 
(𝑐) 

 
𝑐 

= 2√2 ∙ 
2

 


