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THE ONE- DIMENSIONAL HEAT ERUATION
Doxnivation 3& one - dimensional heat e%uation :
A AP P e

Considea a long ~thin bar (or wire (or) Tod ) 0&
Constant Cnoss Sectional area A and homojeneouf.' conducting
material . Let P be the density og the matesial , ¢ be a

Vi ial.

,épegigic heat and K be the thesmal Conductivity 06 the matei

We assume that the /éuxsace og the bar is insulated 50 that

’ . +
the heat Elow along pasallel lines which are papmdtculav o

-

+the asea A.
i

DA P %

One dimensional heat €%uation :

AN

The oOne - dimensional heat 6low eouation 18

|
!
]
|
|

i 1
bt o

| conductivity
wheve « = K - Therma

—_—

Pc Density x Specific heat

i i i ional heat e%uantion :
Various 53)[51:1003 gf one -dimensi onal

s PN AN
A A, e

The Vasious Selutions og one . dimenSional heat e%uation

13 () ulx, t)

— Px —-a2p*tE
2

; -«L*p*E
(¢, cos px + ¢g Sinpx) € P

i

dh uCa )

@i ulx, k)

(¢ 2+Ca)Cy

The most ASuitable <solution ig

2 2
; ~o Pt
u(a,t) = (¢, cospx+Cy 8inpx) e
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Type T : Problems with Zero Bounggﬁ Values Lie., the

eAs s
S ] o

temperatures At the ends of the rod are kept at Zero ]
A i it ol

@ A ~od 06 Iength ‘3" with insulateqd sides i8 initially at a
uniform temperature £ex) = kK(dx-2"), 0 <x< L TS
ends arve Auddenly Cooled tp 0'c and are Kept at that

tempesature - Find the tempesature tunction ucxA )

(ov)
* i ditions
Solve the eauation du = 2 ou Gubject to -the Conditio
) ox

2
_x oLx<£L A
Ulo/b) =0 , ucd,e) =0 & u(x,0)= K(L% )5

Solution :
T AL

é{gu: “The one dimengional heat ecuation is 9iven by,

u . 0(1 9*u
2t 2x’

Stepa: The boundary conditions are,

(l.)U(O;t)=O ¥ ¢t
Giyu(re)r=0 % £

i) w (x,0)

)]

k(l'l—-xz) ,0£%2 X

"

Gtep3: TRe most suitable Solution ig given by,

, '_KZPZL'
u(ﬁ.t):CC,(,osP'x-r Cagmpx) e —-?@

Step 4 : APP'}{'ﬂj condition () In o ,

2 2
uco, £)= ¢ € ._

Here e““zPlt 40 [Tt i defined 6070” t]

¢, =0

Subs €, =0 in (D, we get

2

2
. —a*pE
ulx, k) = Cy Sinpx e — (@
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P : lyi condition (i) in @ ,
seEst AHYS — &2 prE
UL, k) = Cy SinPL e -0

Py o [TTET defined fov all & ]
) ivial olution]
c.,#0 L[G=° we‘geta'tmal

a
Sin P,l = 0

gin P4 = 8in nT [ 8in T =0_]

Pi = ntr
P- nm |
)
ASubs the value O& Pin (», 2
2
; —Lrn T E [
ula, t) = CJ Sin (HIX) e

Sbeg b:

tion i$ .
The most gznexal ASolu
oA

(Y]
i mx —_—
UCx,t)=h2—l_cn Sun(%) e ) ’_3@

Skep* © Applying Condition (ii> i @,
u(x0) - = ¢, Sin(2TX) = k(2x-%x%) = @
n=1
Qtep 8 : To find Cp: |
Expand F(x) = K('u"xz) as a ha'& Hange Sine
x =
ies N (o, ).
Aenie . g (m) —’7@
f= 2= "n 1

2
whew b, = _EL.J Pex) Sin nTA dx
] 2
0

From @ & © . ¢, = bn

c, =

2
ﬂ —

2
K(da—x>) Sin AT da
i ;
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Cn =_‘z'f. (11’11) ——_&__)CDSQQL_ ju;ix~x y
2 nr R u = A-ax ,u=-2
o
3 V= Gin NTX/Q
4 (a4 gin X AL f
. ,"z e n- T . Vv, = —-COS’_'l'"I-/%Lr'
Cbénlr_l_ Va:.—Sin'le,{/rfjf
/L 5 yl J_z
> 2 _ nmx .131[3
= — QK (ala) [C""’(nm)J vy = Cos 1 .
L \n®m A7,
= — 4K -0 (]
3
u e l)]
C, = 4 [
Step 9 1 subs the value 06 Cp in ¢, STy
= Sin hTX e A%
WX k) = 2 4“ f"“’J <

n=1| n Tr
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Type 2 : Skeady State Conditions and Zero Boundary

AT

Conditigns :
vary w.7-t
Steady State : The temperature does not Vary

time 't 18 called Steady State.

fipion @XISES
“Thevefore , When Steady &S tate condition
0 ]
uca) -
ucat) becomes
j [ i ewuation:
Steady State A0 lution oz ohe dgms:ona/ hﬁ‘}f
R tctatind o AP NP i ~

i ation 1¢
Tn unsteady State » one dimensional heat €Auati
n .

- oD
ot 2x*

9

u =0
Tn Steady state s —

tazu =0 = d_,_—-zu =0
; ax—T dlz
S The %g,nexal Lsolution

are Owbitraly constants -

b
6 ulx)= ax+b where @ and
] =

Problems :
M -
long has its end A and B Kept at Agc

|y until ~Steady _state Conditions prevails.
ively

@ A 7od 30cCm
and 8o ¢ Sespect

Find the Steady -State tempevature in the Tod.
n e

Solution: di ‘onal heat €Yuation is
te one imensien F
e /Steadj Ssta
dlu =0
— .

2
da )
+tion 18
“The gueﬂa) Solu /

ary) U (30) = 8 ¢

R
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ApP[y'mj Condition (;) in @ ,

Applying Condition (1) 1N o,
u(30) = 3oa+b
80 = 30(1””&‘0

bo = 3o

[a=2] -
. “The <solution i€ Dx) .—__o?'x +o?0)

@ The ends A and B 05 a Sod 06 length lo.cm Jong
have their tempesature Kept Qo'c Qnd Fo'c . Find the
Steady State temperature distaibution on the od.

Solution :

“The éteadﬂ
dlu =0

’-————T
d«
“The esad ~Solution 1S

x+b — (U

State ohe dimensional heat eduation is,

ulx) = @
“The boundary Cenditions a7€.
(i) ulo)=23oc
@) wlw)= Foc .

Applying condition ¢ in @,

d;) in @,

Applyin condition
PPy y+b = TJo

w (o) =aco
wa + &b =10

[a-5]

ASubs a & L in (.

= sx+ao] - |

L e e
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