Unit. 4 Complex Integration

UNIT IV COMPLEX INTEGRATION
Part-A
Problem 1 Evauate I ( 21)3 dzwhere C is || =2 using Cauchy’sintegral formula
cl\Z—
Solution:
Given z 5 0z
c(z-1)

Here f (z)=2z, a=1liesinside |7 =2
zdz  27i
=——1"(1
=7i[0] - "(1)=0

..l(z_l)s_o.

Problem 2 State Cauchy’s Integral formula

Solution:
If f(z)is andytic inside and on a closed curve C that encloses a simply
f
connected region R and if 'a’ isany pointinR, then f (a)=i_.|'ﬂ dz
2rid z—a

C

1
Problem 3 Evaluate [e*dzwhereC is|z—2=1.
C
Solution:
1
e? isandyticinsdeand onC.

1
Hence by Cauchy’sintegral theoremj' ezdz=0
C

Problem 4 Classify the singularities of f (z)=

Solution:
Polesof f (z)are obtained by equating the denominator to zero.

i.e, (z-a)’=0, z=aisapoleof order 2
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The principal part of the Laurent’s expansion of € about z = 0 contains infinite number

terms. Therefore there is an essential singularity at z = 0.

Problem 5 cCaculate theresidue of f(z)=

Solution:

_ 27
Given f(z):1 f
V4

Here z=0 isapoleof order 3

Z3

Lt 1 d2 {(Z_ )31—e22

_',I:RGS f (Z)Jzzo - z—>0 EE

— 1 Lt d? [1_ eZZ]

T 21z0d2
Lt
_1 i[_Zezz]
21z—>0dz
Lt
=i _4e22
2'z—0
1
=§(—4):—2.

Cosrmz

Problem 6 Evaluatej —

Solution;

We know that, Cauchy Integra formula is I
C

J' CosrZ

dz, Here f(z)=cosnz
z-1

C

-.z=1liesinside C

- f(1)=cosm(1)=-1.

‘_'J-coswz
z-1

dz= 2ri (—1) =-27i .

C

Problem 7 Define Removable singularity
Solution:

A singular point z=z, is called aremovable singularity of f(z) is

finitely

at the poles.

dzif Cis |7=2.
1

XA

dz=2rif (a) if 'a’ lies inside C

f(z) exists
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i Lt
Example: Forf(z):ﬂ, z = 0isaremovable singularity since f(z)=1
z z—>0
Problem 8 Test for singularity of 21 1and hence find corresponding residues.
7+
Solution:
1 1
Let f = =
(2) Z+1 (z+i)(z-i)
Here z=-iisasimplepole
z=iisasimplepole
. Lt . 1
R —i)= _
es(z=1) z—>i(Z I)(z+i)(z i)
o1
_z—>i(z+i)_2i
. Lt . 1 1
Res(z=—i)= - =
S(z=A)=, e

Problem 9 what isthe value of jezdz where C is|7=1.
C

Solution:
Put z=¢"
dz=i€’do

_[ e’dz= T e'ig’dé......... (1)
C 0

Putt=€’ = dt =€?do

When0 =0, t=1, 0 =2r, sssst =1
1 1

O _[ezdz:je‘dt:[e‘] =0

C 1

1

2
Problem 10 Evauate '[?’Z+—7z+1dz,where|z|:é.
v z+1 2
Solution:
2
Given jwdz
v z+1

Here f (z)=3Z+7z+1

z= 1 liesoutside |z|:%
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2
Here.[?’Z;—?Hdz = 0.(By Cauchy Theorem)
+
C

Problem 11  State Cauchy’s residue theorem
Solution:
If f (z) be analytic at al points inside and on asimple closed curveC, except for

a finite number of isolated singularities  z, z,,..,z  insde C
thenjf(z)dz:Znix[sum of the residue of f(z)at z,2,...,2, |.
C

27

Problem 12  cCaculaetheresidueof f(z)= Satitspole.
(z+1)
Solution:
e2z
Given f(z)= .
(z+1)
Here z=-1lisapoleof order 2
Lt 1d e”
[ReSf(Z)]szlzz_)_liE(Z_Fl)Z 2
! (z+1)
_ U 2e” =2¢e”.
z—>-1
2
Problem 13  uUsing Cauchy integra formula evaluate J'M dz, where
c(z-1)(z-2)

3
4=

2
Solution:

2 2 2
,[ coS7z :j—cosn q +'[005nz oz
{ene2 " 21 “ o
1 = A B A=-1 B=1

'..(Z—l)(Z—Z) (z—l)+z—2’
Here f (z)=cosnz’
z:lliesinside|z|:g

z=2 Iiesoutside|z|=g

Hence by Cauchy integral formula
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lmdz= 27  (2)
= —2ri (—1)
= 2ri [.. f(z)=cosnz, f(1)=cosz=-1]

Problem 14 State Laurent’s series
Solution:

If C, and C, are two concentric circles with centresat z=a and radii r, and r,
(r,<r,) andif f(z) isanalyticon C, and C, and throughout the annular region R
between them, then at each point z in R,

2 " &b
f(z)_nzz(';an (z-a) +nz_;‘(z—a)”’
1 I f(z)dz 1 J- f(z)dz

h = — y =0, 2,...,b = ; )
wherea, 27ric(z—a)”+1 n=0,1, X ch(z_a)_ml

n=123,...

3_

Problem 15 Find the zeros of
Solution:

Z
zZ+1

3
Thezerosof f(z) aregivenby f(z)=0, 23_1:0
Z+

1
ie, 22-1=0, z=(1)3
z=1, w,w* (Cubic roots of unity)

Part-B

Problem 1 using Cauchy integral formula evaluate j ?Z

— ——  where Cthe
c(z+1)(z-2)

: 3
circle|==.
2
Solution:
Here z=-1 isapoleliesinsidethecircle

z=2 isapoleliesout sidethecircle
1

N S I
Hi(z+1)2(z—2) I(z+1)2d

Heref (z):i2
Z_
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e

Hence by Cauchy integral formula

c( _a)n+l n!
1
J' dz :.[ z—2 dz
¢(z+)°(z-2) ¢lz-(-DPF
2,
:Tf (-3

Problem 2 Evauate I dz where C isthecircle |7 =

z(z-1
Solution:

W.K.T f(a):%j% dz
Tl o £—

Given f

)dz Herez=0, z=1liesinsdethecircle
z2(z-1

Alsof( z)=2-2
Now - A, B
z2(z-1) z z-1

Pu z=0= A=-1
z=1=B=1
1 1 1

zZ(z—- 1)_ z zl

L e

=27 f(0)+2m f()
= 2mi[f (1) - £ (0)]

= 21i[-1- (-2)]
=27ri[2—1] =27i .
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Problem 3  Find the Laurent's Series expansion of the function—2=%_ valid
(z+2)(z+3)

inthe region 2<|7<3.

Solution:

z-1

Let f =
(2) (z+2)(z+3)

z-1 A B

(z+2)(z+3) B z+2Jr z+3
z-1=A(z+3)+B(z+2)

Put z=-2

-2-1=A(-2+3)+0

A=3

Put z=-3

-3-1= A(O)+ B(—3+2)

—4=-B

B=4

()=
Zz+2 z+3

Given regionis 2<|Z <3
2<|Z and |7<3

z

z

<1 and <1
3

-3 4

"””2@3 o

7z2-2

Problem 4  Expand f(z):Z(ZT)(ZH)

validin 1<|z+1<3

Solution:

. 7z2-2

G f =

iven () z(z-2)(z+1)

(e 122 _A B C
z(z—2)(z+1) z z-2 z+1



Unit. 4 Complex Integration

7z2-2= A(z—2)(z+1)+ Bz(z+1)+Cz(z—2)
Put z=2

B=2

Put z=0

Givenregionis 1<|z+1<3
Let u=z+1=1<[u <3
z=u-1=1<u| & |u[<3

:i<1 & u <1
u 3
f(Z)=i+i—§

1 2 3
+

3
1 1 ( 1 jz 2 (z+1j (z+1j2 3
= 1+ + +o | =1+ — |+ — | +.. |———
z+1 z+1 \z+1 3 3 3 z+1

2
Problem 5  Expand f(z):ﬁas a Taylor series vaid in the
z+2)(z+

region || < 2.
Solution:

-1
(z+2)(z+3)
Now (z+2)(z+3)=27"+5z+6

-1 —5z-7

e 2)(2+9) (25 2)(2+9)

Given f(z)=
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Now -5z-7 _ A B

(z+2)(z+3) z+2Jr z+3
—5z-7=A(z+3)+B(z+2)

Put z=-2
A=3
Put z=-3
-8
f(z)=1+ > 8
Z+2 Z+3
Given |z|<2
f(z)=1+ 8

s~ 6
Problem 6 using Cauchy Integral formula Evauate _[ Sl 23 dz where C is
cl,_T
6
circle|z =1.
Solution:

Here f(z)=sin’z

f'(z) =6sin°cosz

f"(z):6[—sin6z+(:os2 z5sin* z}
Herea:%,clearly a=% liesinsidethecircle |7 =1
By Cauchy integral formula

Jﬂ_z_”i f"(a)

C(z—a)3 2!
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J- sin®z 27l f,(zj
Ll 5

C(Z—”jg 2!
6

=7i6 —sineszqﬁcoszizjsin“E
I 6 6)° 6
= 67i —i+£x§}
| 64 16 4
= 6ri —i+E}
64 64
._15—1} 21ri
=6rl| ——— | =——
| 64 16

Problem 7 Expand f(z):sinzintoaTaonr’sseri%aboutz:%.
Solution:

Given f(z)=sinz

f'(z)=cosz

f"(z)=-sinz

f"'(z)=-cosz

Here a=2~
4

4 2
{5l
4 4) 2

W.K.T Taylor'sseriesof f(z) a z=a is

f(2)=  (a)+ =2 (a)+ 223t (a)s..

1 2!

10
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T
1 ( nj 1 %74 ( 1)
=—=+|Z2-—— |—=-— — |+
V2 4)J2 | 2 2
zsecz . . ) ) .
Problem 8 Evauae jmdzwhere C is the dlipse 4x*+9y*=9, using
-z
C
Cauchy’ s residue theorem.
Solution:
Equation of ellipseis
4x* +9y* =9
2 2
X Y
9/4 1
2 2
ie., X 2+y—:1
(%) *
2

.. Magor axisisg, Minor axisis 1.

The ellipse meets the x axis at ig andthe yaxisat +1

Given f(z)= zlseczz
-z

z
(1+z)(1-z)cosz
The poles are the solutions of (1+ z)(1-z)cosz=0

i.e, z=-1, z=1aresimple polesand z:(2n+1)%
Out of these poles z+1 liesinside the ellipse
z:i%, J_rs% lies outside the dllipse

Lt Z
[Resf (Z)] = (z-1) (1+z)(1-z)cosz

=751
Lt -z -1
~z—>1(1+2z)cosz  2cosl
Lt z
[Res f (Z)]zzflzzﬁ_l(ﬂl) (1+z)(1-z)cosz
L z
2z -1(1-2)cosz

11
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B -1 B -1
~ 2cosl  2cosl
' J' 2Secz
1-7°

dz = 27i [sum of the residues |
Cc

[ -1 1 }
= 2rmi -
2cosl 2cosl

= —2ri [secl]
Problem 9 using Cauchy integral formula evaluate (i) f Z—Z45dz, where C is
+
thecircle [z+1-i|=2 (||)I—3dz C |stheC|rcIe|z|
D(z-2)

Solution:

(i) Given |z+1-i[=2

|z—(~1+i)|=2 isacirclewhose centreis —1+i and radius 2.

i.e, centre (-1,1) and radius 2

7" +2z+5=| z—(-1+2i)|[z-(-1- 2]

-1+ 2ii.e, (-1,2)liesinsidethe C

-1-2ii.e, (-1-2)liesout sidetheC

4-20
2

22 +22+45=0=>2z=-2+

, z:—liZi}

J' z+4
| z-(-1+2) ][ z—(-1-2i) ]
z+4
~1-2i ]
1+2|
z+4

[z —1-2i) ]

Here by Cauchy integral formula

jﬂdz:zm f(a)

Z—a

dz

dz

O'—-.

Hencef

J- z+4
Z+2z+5

= 2zi { C 1;;;_2}11_ 2i )}

— 27 f (~1+2i)

C

12
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= 27 [322'} %[3+2i].

. 4-3z
(D l z(z-1)(z-2) dz

z=0,2z=1 Iieinsidethecircle|z|:—

z=2 liesoutsidethecircle
4-3z A B C

——————— = ——+——

2(z-)(z-2) z z-1 z-2

4-3z=Az-D(z-2)+B(2)(z-2)+C(2)(z-1)

Put z=0

4=4A

A=1

Put z=1

B=-1

Put z=2

C=-1

) 4-3z 2 1 1

C2(z-D)(z-2) z z-1 z-2

4-3z 2 1 1
Jz(z 1)(z 2) :JE dZ_Iz—ldz_iz—ZdZ

[ 1O

C

:2[27rl f( J-2xi f(1)-0
=4ri f(0)—2xi f(1)
=4ri (1)—2xi (1)

= 27i (- f(0)=1f(1)=1)
Problem 10  using Cauchy’sintegral formula evaluate j ) where Ciscircle
Z+4
|z—i|=2
Solution:
1 1

(Z+4) (z+2) (2-2))
Given|z—i| =2, centre(0,1), radius 2
..z=-2i liesoutsidethecircle
z=2i liesinsidethecircle

13
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Hence by Cauchy Integral Formula
J- f(Z) d2=27l'| fn(a)

C(Z_a)ml .n!
i(zzizj)z -5 @)

Problem 11  Find the Laurent’ s series which represents the function

m in(i) |2>2 (i) |z+1<1

Solution:

. z
.Let f =

O-tet ()= 5772

z A B

N _
o (z+1)(z+2) z+1+z+2

zZ= A(z+ 2)+ B(z+1)
Put z=-1

A=-1

Put z=-2

B=1

(2=t 2
z+1 z+2

<1:>i<1
2

z

Given |z|>2, 2<|z| i.e,

()=t 2
z+1 z+2

14
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-1 2
+

z(1+ 1) z(1+ 2)
z z
-1 -1
)5t
z z z z

(ii). |z+1]<1
Letu=z+1

:_—1+2(1—u+u2—...)
u

-1 )
=—+2/1-1+2)+(A+2)° —...
o211+ -]
21 do
Problem 12 provethat | =
pa —2acosO+1 1-
21
Solution: Let I = [— do
pa” —2acos +1
Put z = €°
Then de:‘_j—z andcose=£(z+l]
1z 2 Z

dz,
g 'zjﬂ%ﬁ where Cislz| = 1
2]
e

= j f(z)dz Wheref(z):(i—j . 1
= a

1
z°—la+z)+1

==

a+az Z

a+a 2 +1

: 2
>, givena <1

The singularities of f(z) are simple poles at aand 1. & < limplies|a < 1and 1 >1
a

15

[
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.. Thepolethat liesinsideCisz=a

Ref(2) - Lim(z—a){ £ |

a
(i) 1
aa—%

2n
Problem 13 show that j%&dezﬁ
0p5+4cosd 6

2n
Solution: Let | = jw
b 5+4coso

Put z = €°
Then dezg and cos 6 = 1(z+1j
1Z 2 z
2T g% do

| = Real Partof [———
0 o+4cos0

2 ;/
= Real Part of Z__whereCis|z
jj—)“ 2| =

=Rea|Partofi_j%
217z +§z+1

J- z%dz
iz+2iz+2
VA

~ Redl Part of [f(2)dz where f (2) zzi ;
C

| Z+5 z+2)

= Real Part of —

2

z=-Y2and z = -2 are smple poles of f(2).
z=-Y2liesinsideC.

ZZ

Redf(2);- %] = L ;
es[(z) V] |r%(z+}/) m

1 % 1

"2 3 12|

| = Real Part of 2ni. ——

12i

16
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= Real Part of 7

=y,

6

Problem 14 ProvethatT dx 2:1
0(X2+1) 4
Solution:
Let j¢
Where ¢(z) = 1 >
(zz+1)

Here C isthe semicircle T' bounded by the diameter [-R, R]

Y
N
R o - RrR X

By Cauchy resi due theorem,
j¢ z)dz= qu dx+j¢ ...... o)

To evaluate of jqﬁ

The polesof ¢(z)=

isthe solution of (22 +1) =0
(zz+1)

. \2 N2

ie, (z+i) (z-i) =0

i.e,thepolesare z=i, z=-i

z=i lieswith inside the semi circle

z=—iliesoutside the semi circle
Now[Res¢(2)]. . H1d (z—i)2¢(z)
=" 72501 dz

17
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Lk 1 7 02 1
_z—>i1{( )(z2+1)2}

:Zil%%{ﬁ} 2 +1=(z+i)(z-0)
o2
_Z—>i(z+i)3
—2 -2 1
i (2i)3:Z
Iqﬁ(z) dz= 27i[ Sum of residues of ¢(z)at its poles which liesinC |

1 V4
—27rl[4|} T (2

Let R— oo,then |2 > cosothat ¢(z) =
[#(2)dz=0.......(3

Sub (2) and (3)in (1)

Jo(z)dz= I #(x

T
:_[o x+1) E

Todx pia

2 s
- '([(x2+1)2 2
:>T dx 7

0(X2+1)2 4

Problem 15 Evaluate_[ Xsinx

X +a’
Solution:
2.[ xsmxd :T xzsim;dx
X +a’ J x*+a
xsinx . 17 xsinx
-([x2+a2 _2-[0x2+a2
1% zsinz
_Eif+¥

18
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1
==l 1
2 @
Now zsin zistheimaginary part of ze”
T zsinz
SI=| =—=dz
J.zz+a2

—00

iz

Tz
=1P. dz
-[O Z+a’

z€ ze
Let ¢(2)= =

¢(2) Z+a’ (z+ia)(z-ia)
Thepolesarez=-ia, z=ia
Now the poles z=ia liesin the upper half — plane

But z=-ia liesinthelower half — plane.
Hence

iz

Lt . ze
I:Res¢(z):|z:ia - zZ—> ia(z_la)m
Ltz

~z—ia(z+ia)

_iae® e*

- 2ia 2

iz

ze
zZZ+a°

s

=rie?

ze”?
Z+a®
=I.P. of (nie‘a)

I=1.P. of T dz

Sub (2) in (2)

T Xsinx 1 1
J.ﬁdxz—xz—ﬂ'e
X“+a 2 2

0

19

dz = 2ri [Sum of the residues at each poles in the upper half plane ]



