Unit.3 Analytic Functions

UNIT 111 ANALYTIC FUNCTIONS
Part-A

Problem 1 State Cauchy — Riemann equation in Cartesian and Polar coordinates.

Solution:
Cartesian form:
ou ov odu_ ov
ox oy oy o
Polar form:

ou 1lov ov 1ou

ar roe’ ar  ra6

Problem 2 State the sufficient condition for the function f(z) to be analytic.
Solution:
The sufficient conditions for afunction f(z)=u+iv to be analytic at all the pointsin a
region R are
@ u=v, u=-v,
(2) u,, u,, v, v, are continuous functions of x andyinregionR.

Problem 3 Show that f(z)=e’isan analytic Function.
Solution:
f(z)=u+iv=¢€
— e><+iy
=e'e”
=e*[cosy+isiny]
u=e‘cosy, v=e"siny
u, = €“cosy, v, =€e‘siny
u, =—€'siny, v, = e‘cosy
e, u =V, u =-Vv,
Hence C-R equations are satisfied.
- f(z)=¢€" isanalytic.

Problem 4 Find whether f(z) =z isanalytic or not.

Solution:
Given f(z)=z =x-iy
i.e, u=x,v=-y
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ou_. ov
ox | ox
ou _ _o v ov
oy oy
U EV
C-R equations are not satisfied anywhere.
Hence f(z)=E isnot analytic.

=0

=-1

Problem 5 State any two properties of analytic functions

Solution:
() Both real and imaginary parts of any analytic function satisfy Laplace equation.
e, CUL U TV, OV g

x> oy’ X oy
(i) If w=u+iv isan analytic function, then the curves of the family u(x, y)=c,cut

orthogonally the curves of the family v(x, y)=c

Problem 6  Show that f (z)=|Z’isdifferentiablea z=0 but not analytic at z=0.
Solution:

L N U
- f(z) isdifferentiableat z=0.

Let z=x+iy

E:x—w

2" = 2z = (x+iy)(x—iy) = X+ y?

f(z)=x*+y*+i0

u=x>+y*v=0

u =2xVv,=0

u,=2y,v, =0

The C-R equation u, =v, andu, = -v, are not satisfied at points other than z = 0.
Therefore f(Zz)is not analytic at points other thanz=0. But a function can not be
analytic at asingle point only. Therefore f (z)isnot analytic at z = 0 also.

Problem 7 Determine whether the function 2xy +i(x* — y?) isanaytic.
Solution:

Given f (z)=2xy+i(x* - y?)

e, u=2xy , v=x -y
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Q=2y, ﬂ=2x
0 X O X
@:ZX,Q:—Zy
oy ay

UV and ug # -V,
C-R equations are not satisfied.
Hence f (z)is not analytic function.

Problem 8  Show that v = sinhxcosy is harmonic

Solution:
v = sinhxcosy

ov ov . .
— = coshxcosy, — = —sinhxsin
o Sy oy y

8_2\/ = sinhxcosy 6_2\/ = —sinhycosy
aXZ ' ayZ

a_zv+6_2v = sinhxcosy — sinhycosy =0
aXZ 8y2

Hence v is aharmonic function.

Problem 9 Construct the analytic function f (z) for which thereal part ise*cosy .
Solution:

u=e€" cosy
ou

— =¢‘cosy
0X

ou
Assume a(x, y)=¢.(20)

S (z0)=¢€
ﬂ=—exsiny
ay

ou(x,y)

Assume oy =¢,(z0)

.. ¢,(2,0)=0
f(z):I f'(z)dz:'|'¢1(z,0)dz—i'|'¢2(z,0)dz
=Iezdz—ijo
f(z)=€"+C.
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Problem 10 Prove that an analytic function whose real part is constant must itself be a
constant.

Solution:
Let f(z)=u+iv beananaytic function

= U, =V, U=V, )]

Given

u=c(aconstant)

u,=0,u,=0

=V, =0& v, =0by(1)

Weknow that f(z)=u+iv
f'(z) =u, +iv,

f'(z)=0+i0

f'(z)=0

Integrating with respect toz, f(z)=C
Hence an analytic function with constant real part is constant.

Problem 11 Define conformal mapping
Solution:

A transformation that preserves angle between every pair of curves through a
point both in magnitude and senseis said to be conformal at that point.

Problem 12 If w= f(2) isanalytic prove that d—W:a—wz—ia—there w=u+iv and
dz ox oy
2
prove that 0 w =0
0202
Solution:

w=u(X,y)+iv(x,y) isananalytic function of z.

As f(z)isanalyticwehave u =V, , u, =-v,

Now ijj_vv: f'(2)=u, +iv, =v, —iu, =i (u, +iv, )

z
_ou jov_ [au jov
0X OX oy 0y
0 . . 0 .
=—(U+iv)=——(u+iv
(V) =i (uiv)
_ow__;ow
0X oy
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wkT 2Y_g
0z
0w

—=0
020z

Problem 13 Define bilinear transformation. What is the condition for this to be
conformal ?

Solution:

The transformation W:az
cz+

numbersis called abilinear transformation.

+3,ad—bc¢0 where a,b,c,d ae complex

The condition for the function to be conformal is(zl—W #0.
7

Problem 14 Find the invariant points or fixed points of the transformationw =2 — 2.

Z
Solution:

Theinvariant pointsare givenby z=2- 2
z

e, z= 2—2
Z

2=2z-2
Z>-2z+2=0

2% 4-4(1)(2)

Z=

=1+i
Theinvariant pointsare z=1+i, 1-i

Problem 15 Find the critical points of (i) w= z+E (iyw= 2.
z
Solution:

(i). Given w= 7+~
Z

For critical point aw =0
dz

d—Wzl—izzo
dz y4

z=+i arethecritical points
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(ii). Given w=7°
W 20
dz

z=0
. z=0isthecritical point.

Part-B

Problem 1 Determine the analytic function whose real part is
u=x>—3xy*+3x* -3y* +1.
Solution:
Given u=x>-3xy’ +3x* -3y* +1
¢, (X, y)=@=3x2—3y2+6x
oX

¢,(20)=32"+62

¢2( ): oy —6Xy 6y

2,0)=0

By Mllne Thomason method
:J'(pl(z,O)dz—iJ'(pz(z,O)dz
=.[(322+6z)dz—0
3 2
-3% 162 +C=7+32+C
3 2
Problem 2 Find the regular function f (z) whoseimaginary part is
v=e*[xcosy+ysiny]
Solution:
v=e"(xcosy+ysiny)

8, (. )_—_e [cosy]+(xcosy+ysiny)(-e ™)
$,(2,0)=e"+( )(—e‘z)ze‘z—ze‘z=e‘z(1—z)
$(xy )_8y_e [-xsiny+ycosy+siny(1) ]

¢,(20)=e7?[0+0+0]=0
By Milne’'s Thomson Method
z)= .[¢1(z,0)dz+i_|'¢2(z,0)dz
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= IOdz+ij(1— z)e’dz

| [(1— Z)[e__j‘(_l) [(fl)z ”+C

=i [—(1— z)e’ +e‘2]+C

i[—e’Z +ze* +e’2]+C =i [ze’z}+C

sin2x
cosh2y —cos2x

Problem 3 Determine the analytic function whose real part is

Solution:
. sin 2x
Given u=
cosh 2y —cos2x
du (cosh2y-cos2x)(2cos2x)—sin2x(2sin2x)
¢1(X’ y) = 2
X (cosh2y-cos2x)
1-c0s2z)(2c0s2z)-2sin? 2z
¢1(Z, 0) — ( )( )2
(1-cos2z)
(1-cos2z)(2cos2z) - 2(1-cos’ 27
- (1—c0522)2
B (1— cosZz)(ZcosZz) - 2(1— cosZz) (1+ cosZz)
(1—00322)2
~ 2c0s2z-2(1+cos2z) _ 2c0s2z-2-2 €082z
B 1-cos?2z B 1-cos?2z
B -2 _ 1
 1-cos2z (1— 005sz
2
1 2
=————=-C0Sec’z
sin’z
du  (cosh2y—cos2x)(0)—sin2x[2sinh2y]
¢2(X’ Y)=—= 2
ay (cosh 2y — cos2x)
_ —2sin2xsinh 2y
(cosh 2y - cos2x)’
goz(z, 0) =0

By Milne’'s Thomson method
f (z)=I¢l(z,0)dz—ij¢2(z,0)dz

= I—coseczzdz—O: cotz+C



Unit.3 Analytic Functions

Problem 4 Prove that the real and imaginary parts of an analytic function w=u+iv
satisfy Laplace equation in two dimensionsviz V?u=0 and V>v=0.
Solution:
Let f(z)=w=u+iv beanaytic
ToProve: u and v satisfy the Laplace equation.
i.e., To prove: a—quLG—sz‘:Oand 8—2\2/+a—2\2/=0
ox~ oy OX
Given: f(z) isanaytic
. U and v satisfy C-R equations

ou ov
—=—.....(
oxX oy
ad-_Y o
oy oX
. o’u o
Diff. (1) pw.rto x weget —=——..... (3
Dp get — ooy ©)
2 2
Diff. (2) p.w.r.to y we get a—t‘:— oV e (4)
oy OyoX
The second order mixed partial derivatives are equa
.0 o
i.e, =
oXoy  0yox
2 2 2 2
@)+ U 0U_oV OV
OX~ 0oy Oxoy oyox
. usatisfies Laplace equation
. o’u o
Diff. (1) p.w.rto y we get =—...(5
D p y weg ox oy )
. o%u o%v
Diff. (2) p.w.r. to xwe get =———...(6
@p g oy ok (6)
2 2 2 2
(5)+(6) = v VOV OV
oX~ 0oy° 0oyox oxoy
. 0°v 9%V
ie, —+—=0
ox~ oy

. v Satisfies Laplace equation

o* 0

Problem 5 If f(z) isanalytic, prove that (E + a_zy]“ (z)|2 = 4lf ’(z)|2

Solution:
Let f(z) = u+iv beanalytic.
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Then uy = vy and uy = -Vy
AlSO Uy + Uy = 0 and vyx + Vyy = 0
Now [f(z)] = u? + v? and f'(2) = uy + ivy

29 |f(2) ’=2u.u, +2v.v,
OX

0* 2 2 2
and F|f(z)| =2|u; +UU, +V, +V.V,,
X

2
Similarly % (@) P=2u? +uu, +v2 +vv, ]

Adding (3) and (4)
0* 0? f 2_2[ 2 2 2 2 ]
WJFW [f(2)|°= ux+uy+u(uxx+uyy)+vx+vy+v(vxx+vyy)
= 2[u§ +V2 +u(0) +v2 +u? +v(0)]
= 4uz +v?]

= 4lf'(2)°

Problem 6 Provethat VZ‘Ref (z)‘2 = 2‘ f ’(z)‘2

Solution:

Let f(z)=u+iv

|Ref (z)|2 =u?

9

OX

0? 0

y(uz):&(mux)
=2[uu, +uu,|

= 2[uuXX + uxz]

(uz) =2uu,

sy—zz(uz) = 2[uuyy +u§]

(aa—;+§y—22J(u2): Z[U(uxx+uyy)+uf+uﬂ
= 2[u(0)+uf+uﬂ
=2|f'(2)

(1)
(2)

3)
(4)
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Problem 7 Find the analytic function f (z)=u+iv given that

2u+v=g‘[cosy-siny]

Solution:
Given 2u+v=¢‘[cosy-siny]
f( Z)=U+iVeroorieneee, (1)
if (2)=iU—Verrorernnnee, (2)
(PYx2=2f(z)=2u+i2v...... ©)
(3)-(2)= (2-)f(z)=(2u+V)+i(2v-Uu)..ceeoo... (4)
F(z)=U+iV

S2u+v=U =€ [cosy-siny|
U
¢1(x,y)_&_e cosy-—e*siny

0)=¢

#(2
, (X, ): =—e‘siny—e‘cosy
(

¢,(2,0)=-
By Milne Thomson method

F'(z)=¢,(z0)-i¢,(Z 0)
_[F dz J'edz |J' —e“d
F(z)=(1+i)e*+C————- (5)
From (4) & (5)

(1+i)e +C=(2-i) f (2)

1+i ‘., C
=555
1+3 , C

f i
(2) c e +2—i

Problem 8 Find the Bilinear transformation that maps the points 1 + i, —i, 2 —i of the
z-planeinto the points 0, 1, i of the w-plane.

Solution:

Given z =1+i, w, =0

z,=—1, W, =1

z,=2—-1, Wy =i

Cross-ratio

(W-w)(w, -ws) _(2-2)(z-2%)

(W -w, ) (W —w)  (z-2)(z-2)

10
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~0)(1-i) _ [z-(1+) ][' -]
(0-1)(i-w [1+| ][2 i z]
w(1-i) :(z 1- |)(—| 2+i)
(-1)(i-w) (A+i+i)(2-i-2)
w(1-i) _ (z-1-i)(-2)
(w=i) (1+2i)(2-i-2)
w(1l-i) _ (-2)(z-1-i)
(w—i) (1+2i)(2-i-72)

w () (1)
Wi (1+2|)( i)(2-i-2)
W _ (D) (1)
w-i  (1-i+2i+2)(2-i-2)
w _(-2) (z-1-)
Wi (3+|)(2—i—z)
w-i _(3+i)(2-i-2)
w (-2)(z-1-1)
1_i7:(3+i)(2—i—z)
w o (-2)(z-1-i)
i 3+i(2-i-2)
w (- )((z 1- |))
i 3+i(2-i-z
W:H 2 (z-1-i)
i 2(z-1-i)+(3+i)(2-i-2)
w 2(z-1-1)
w_ 2(z-1-1)
i 2(z-1-i)+(3+i)(2-i-2)
e 2i(z-1-i)
2(z-1-i)+(3+i)(2-i-2)
2i(z-1-i)
T 27-2-21+6-3-3z+2i+1-7
2i(z-1-i)
 —z+5-3i-7

Problem 9 Prove that an analytic function with constant modulus is constant.
Solution:
Let f(z)=u+iv beanalytic

11
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By C.R equations satisfied
ie, u =V, u =-Vv

X

f(2)=u+iv
:>|f(z| Jul+v2 =C
:>|f(z| =u?+v? =C?
U +V2=C% . )]
Diff (1) with respect to x
2u@+2v@_0

OX OX
uu, +w, =0........... (2
Diff (1) with respect to y
2u@+2v@—0

a oy
—-uv, +vu, =0........... (©)]
(2)><u+(3)><v:>(u2+v2)uX=0
=u,=0
(Qxv-@)xu=(u’+V*)v, =0
=V, =0
W.K.T f'(z)=u,+iv, =0
f'(z)=0
Integrate w.r.to z
f(z)=C

Problem 10 When the function f(z)=u+iv is analytic show that u(x,y)=C, and
v(x,y)=C, areOrthogonal.

Solution:

If f(z)=u+ivisananayticfunctionof z, thenit satisfies C-R equations

U =V, U, =-V,

Given u(X,y)=Cyvvees D

V(X Y)=Churrrrrnrns (2
By total differentiation

ou ou
du=—dx+—
OX +aydy

dv:@dx+@dy
oX oy

12
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Differentiate equation (1) & (2) weget du=0 dv=0
ou

S—dX+— 0
oX 8ydy

ov
—dx —dy=0
OX +8ydy

:ﬂ:—aulax
dx oul/oy

dy —ov/ox

X ovidy = m,(say)

‘__mlmzz_—ﬁu/axx—av/@x (Lu, =V, u, =-V)

ouloy ovloy A X
mm, =—
The curves u(x,y)=C, and v(x,y)=C, cut orthogonally.

=m(say)

Problem 11 Show that the function u :%Iog(x2 +y*)isharmonic and determine its

conjugate.
Solution:

Given u =%Iog(x2 +y°)

ou 1 1 X
A_= 2x) =
OX 2x2+y2( X) x2+y2
8u 1
2
6y 2x+y(y) x+y
du _ (x +y) x(2)_ Y2 — X
X (Rey) ()

o2 _(X +y )(1)—2y2 Xy

A2 2 - 2

OX (X2+y2) (X2+y2)
ST et St Sl Y

o oy? (Xz+yz)2

Hence u is harmonic function

To find conjugate of u

8u X
#h(%y)= X Xty
1

¢1(Z,0)=E

13
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_ou__y
¢2(X'y)_ 8y_ x2+y2
¢,(z0)=0

By Milne Thomson Methods
f'(2)=4u(2.0)-idy(2.0)
1
f'(z)dz=|=dz+0
J (z) dz -[z z+

=logz+c

u=log./x* + Yy [.'.rzzx2+y2, B:tanl(zﬂ
X

v:tanl(zj . Conjugate of uis tanl(zj :
X X
Problem 12 Find the image of the infinite strips % <y< % under the

transformation w = E .

z
Solution: W=£:>Z=£
z w
- 1 u-iv
u+iv.  u®+Vv?
u
S X=—— 1
u? +v? @
v
R —— 2
y u? +Vv? 2

) 1 1 1
Givenstripis =< y<=when y==
p 4 y 5 y 4

1 \

o by 2

4 UP+VP (by 2)
U+ (V+2)° =4.......... ©))

which isacircle whose centreis at (O, —2) in the w-plane and radius 2.

1
When y==
y 2
1 -V
PRTEY: (by 2)

uw+vi+2v=0
u’+(v+1)% =1......... (4)

14
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which isacirclewhose centreisat (0,—1) and radiusis 1in the w-plane.
Hence the infinite strip %< y<% is transformed into the region between circles

u®+(v+1)® =1and u® +(v+2)* =4 in the w-plane.

y 4

v

z— plane

w— plane

Problem 13 Obtain the bilinear transformation which maps the points z=1, i, -1 into
the pointsw= 0,1, .
Solution: We know that

(W—Wl)(wz—wg)z(z—zl) 2,-2,)

W Z— i+1
— (1) ===
—1( )= —i —(1+z)
__z-11si
z+1 1-i
~Z2-1
v

Problem 14 Find theimage of |z—2i| =2 under the transform w=1

Z
Solution:
Given W:l =7==
W W
Now w=u+iv

15
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2_1: 1 _ u—iv :u—iv
W ou+iv  (u+iv)(u-iv) uF+Vv?

u—iv

Given |z-2i|=2
|x+iy—2i[=2
x+i(y-2)|=2
+(y-2)" =4

Sub (1) and (2) in (3)
(o) () )
u? +v? u? +v? w+v2 |

2 2
u PR +4{ v }=O
u

(u2+v2)2 (u2+v2)2 A%
(u2+v2)+4v(u2+v2)_ (1+4v)(u2+v2)_
(u2+v2)2 - (u2+v2)2 -

1+4V:O:v:—%1r (-.u?+Vv*20) Thisisstraight linein w-plane.

A
y V A

v

z— plane

16
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Problem 15 Provethat w= 1i maps the upper half of the z-plane onto the upper half
-z

of the w-plane.
Solution:
Wzi:>W(l—Z)= z

1-z
W—Wz =2
w=(w+1)z
w=(w+1z

W

Z=—
w+1

Put z=x+1y, w=u+iv
u+iv
u+iv+1
(u+iv)(u+1)—iv
(u+iv+1)(u+1)—iv

X+iy =

Cu(u+D)-iuv+iv(u+1)+v?
- (u+1)2+v2
(u2 +V° +u)+iv
(u+1)2+v2
Equating real and imaginary parts
u’+v>+u v

u+1)’+v?’ u+1)° +v?
(u+1)

v
=0=———=0
Y (u+1)2+v2

+>O:>V>O
(u+1)2+v2

Thus the upper half of the z plane is mapped onto the upper half of the w plane.

y>0=

17



