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Fourier Transform: Fourier transform is the input tool that is used to decompose an image into its sine
and cosine components.

Properties of Fourier Transform:

eLinearity:

Addition of two functions corresponding to the addition of the two frequency spectrum is called the
linearity. If we multiply a function by a constant, the Fourier transform of the resultant function is
multiplied by the same constant. The Fourier transform of sum of two or more functions is the sum of
the Fourier transforms of the functions.

Case . If h(x) -> H(f) then ah(x) -> aH(f)

Case ll. If h(x) -> H(f) and g(x) -> G(f) then h(x)+g(x) -> H(f)+G(f)

Scaling:

Scaling is the method that is used to the change the range of the independent variables or features of
data. If we stretch a function by the factor in the time domain then squeeze the Fourier transform by
the same factor in the frequency domain.

If f(t) -> F(w) then f(at) -> (1/]a]|)F(w/a)
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e Differentiation:

Differentiating function with respect to time yields to the constant multiple of the initial function.

o|f f(t) -> F(w) then f'(t) -> jwF(w)

Convolution:

It includes the multiplication of two functions. The Fourier transform of a convolution of two functions is the
point-wise product of their respective Fourier transforms.

o|f f(t) -> F(w) and g(t) -> G(w) then f(t)*g(t) -> F(w)*G(w)

*Frequency Shift:

Frequency is shifted according to the co-ordinates. There is a duality between the time and frequency
domains and frequency shift affects the time shift.

o|f f(t) -> F(w) then f(t)exp[jw't] -> F(w-w')

e Time Shift:

The time variable shift also effects the frequency function. The time shifting property concludes that a linear
isplacement in time corresponds to a linear phase factor in the frequency domain.

f(t) -> F(w) then f(t-t') -> F(w)exp[-jwt']
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The Discrete Fourier Transform (DFT) transfers an image from the spatial domain to the
frequency domain. It is one of the most important transforms in image processing, which
enables us to decompose an image into its sine and cosine components.

The output image after applying the Fourier transformation is represented as a linear
combination of a collection of sine and cosine waves of different frequencies.

Consider a 1D function, {f(x),0 = x =< N —-1}. The general form of a
transformation is

N-1

g(u)=> T(ux)f(x);0<u=N-1 (1)

where T(u,x)is called the forward kernel of transformation and g(u)is
the transformed image.

If the transformation is the Discrete Fourier Transform.

Then,

M-l -2
g(u) = Z%e Hf(x):u=0,1,2,.N -1 (2)
==0

The inverse 1-D DFT will then be,

mx

f(x)=Se  ¥g(u) (3)
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As can be seen the signal is written as a linear combination of an
orthogonal set of basis functions. Similarly, an image can be

transformed into a set of “basis images”, which can be used for
representing the image.

We can extend the transform to 2-D image.

Consider an image f(x,y)of size MxN. The 2-D DFT of f(x,y) is
defined as follows:

M1 N-1 -.zn[ﬁﬂ_;] 4
F(u,v) = sziﬁ y)e (4)
x=0 v=0

And the inverse 2-D DFT is given by:

g .
M-11-1 2l %_,'-_13]
f(x, F)——ZZF{H Ve M (9)
u=0 =
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MNote that while the image values f(x,v)are going to be real, the

corresponding frequency domain data is going to be complex. There will
be one matrix containing real values R(u,v)and the other matrix I(u,v)

will contain the imaginary component of the complex value. The
amplitude spectrum or the magnitude for 2D DFT is given by

[F(u,v)| =[R* (0, v)+ I (u,v)]"” (6)

The power spectrum of the 2-D DFT is defined as

P(u,v)= |F(11,1i.-')‘2 =R (u,v)+ I (u.v) (7)
and the phase spectrum of the 2-D DFT is given by
B(u,v) = tan" 22V 8)

R(u.v)
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Name

Expression(s)

1) Discrete Fourier
transform (DFT)

of f(x,y)

2) Inverse discrete

Fourier transform
(IDFT) of F{u, v)

3) Polar representation

4) Spectrum

5) Phase angle

6) Power spectrum

7) Average valuc

M-1N-1
Fu,v) = > 3 f(x, y)e P=lus/Miny/N)

x=4{) y=0

1 M 1N 1
f(x.y) = 505 3, 2 Fu, )P/t

r=>0 o=0
F(u, v) = |F(u, v)|e!*)

|F (e, ©)| = [Rz(u, ) + I, v)]m
R = Real(F); I = Imag(F)

| (u. »)
- | Bt o fa’ &
M, v) = tan [R(u. v)]
P, v) = |F(u, v))?
~1N-1

T(x, y) = Z > f(x.y) = 5= F(0,0)

.r’O y=0
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Name

Expression(s)

8) Pernodicity (k, and
k, are inlegers)

V) Convolution

10) Corrclation

11) Separability

12) Obtaining the inverse
Fouricr transform
using a forward
transform algorithm.

Flu,v) = F(u + kM, v) = F(u,v + k;N)
= F(u + kM., v + k;N)

flx,y) = f(x + kM, y) = f(x,y + k;N)
= f(x + kM. y + k>N)
M—1 N—1

f(x.y)*xh(x,y) = > D f(m nmh(x — m.y — n)

m—0 a—1
M—1 N—1
fx,y)=hi(x,y) = > D f(m nh(x + m,y + n)
m—0 n—0
The 2-D DFT can be computed by computing 1-DD
DFT transforms along the rows (columns) of the
image, followed by 1-D transforms along the columns
{rows) of the resull. See Section 4.11.1.

M 1IN 1
MNf(x,y) = X 2 F(u, )e Prex/fein
This equation indicates that inputting ¥ (wu, v) into an
algorithm that computes the forward transform
(right side of above equation) yields MNf (x, y).
Taking the complex conjugate and dividing by MN
gives the desired inverse. See Section 4.11.2.
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Name DFT Pairs

1) Symmeltry Sce Table 4.1

properties
2) Linearity afi(x, y) + bfi(x, y) <> aFy(u, v) + bE(u, v)
3) ‘Translation [(x, y)eP=(mxiMivy/N) oy F(u — up, v — vg)

(general) f(x — x0, ¥ — yo) &> F(u, v)e 27 (wsoMopN)
4) Translation Jx, y (- 1YY= Fu - M/2,v - N/2)

to center of flx — M/2,y — NJ2) > F(u,v)(—1)"""

the frequency

rectangle,

(M72,N72)

5) Rotation

6) Convolution
theorem!

f(r, f + "0)@ F(m,‘p + ”.))

x=rcostl y=rsinfl u=wcose v=wsing
f(x, y)*hi(x, y) <> F(u, v)H(u, v)

J(x, hix, y) <> F(u, v) % H(u,v)
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Name DFT Pairs

7) Corrclation f(x, y)¥ch(x, y) < F"(u, v) H(u, v)
thecorem” T (x, y)h(x, y) <> F(u, v) 4 H(u, v)
8) Discrete unit S{x, y) > 1
impulse
i ) | sin{mua) sin{(7vbh) (a4 oB)
9) Rectangle rectja, b| < ab ) (vb)
10) Sinc sin{Z2Zmugx + 2mogy) <

j%[&(u + Mug, v+ Nwp) — 5(u — Mug, v — Nwp)|
11) Cosinc cos(Zrugx + 2ruyy) <

%[S(u + Mug, v+ Nuog) + (e — Mug, v — Nvo)]
The following Fourier transform pairs are derivable only for continuous variables,
denoted as before by £ and z for spatial vanables and by u and » for frequency
variables ‘These results can be used for DFT work by sampling the continuous [orms

12) Differentiation (i)-(i).f(t, zZ) <> (2o )" (J2uv )" Fp, v)
(The expressions o 9z
"o E;h a™ L. . " % )
::s:xl:;enthatl __faf' 2 s (2 F e, v % = (2mv)"F(pu, »)

(oo, £00) = (L)

13) Gaussian A2 7ole 2T T g Ae T W2 (4 is a constant)

17-08-2023

Image transforms - Properties of 2D DFT/ 19EC513/ IMAGE PROCESSING AND COMPUTER VISION
/Mr.S.HARIBABU/ECE/SNSCE

10

TUTIons




YOS

Thank you......
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