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UNIT - 11

VECTOR CALCULUS
INTRODUCTION

In this chapter we study the basics of vector calculus with the help of a standard vector differential
operator. Also we introduce concepts like gradient of a scalar valued function, divergence and curl of a
vector valued function, discuss briefly the properties of these concepts and study the applications of the
results to the evaluation of line and surface integrals in terms of multiple integrals.
2.1 GRADIENT - DIRECTIONAL DERIVATIVE

Vector differential operator

The vector differential operator V (read as Del) is denoted by V = T% + j% + E% where 7, J, k are

unit vectors along the three rectangular axes 0X, 0Y and 0Z.
It is also called Hamiltonian operator and it is neither a vector nor a scalar, but it behaves like a

vector.

The gradient of a scalar function
Ifgp(x, y,z) is a scalar point function continuously differentiable in a given region of space, then the gradient

: 89 | =3 70
of ¢ is defined as Vo = :a—f+;£+ ka—t_’

It is also denoted as Grad ¢.

Note

(1) Vg is a vector quantity.

(ii) Vg = 0 if ¢ is constant.

(iil) V(p,92) = ¢,V, + 0,Vp,

(iv}'{r'(:%‘) = %ifq—}z +0

MV ety =Vp £Vyx



Problems based on Gradient
Example: 2.1 Find the gradient of ¢ where ¢ is 3x*y — y*z* at(1,-2,1).

Solution:
Given ¢ = 3x%y — yiz®

= 722 4 79% 4 L0
Gradp = -+ ay+kaz

ae _ 9 _ .2 _ n.2,2 3 _ 9.3
Now — = 6xy, = 3x° - 3y°z%, — 2y°z

dx ay
x grad @ = T6xy+ j(3x2 — 3y2z2) — k2y3z

(ﬂ'rﬂ.d (P)(L_zr 1) = —121‘— gj'"" 16E

Example: 2.2 If ¢ = log(x® + y* + z%) then find Ve.

Solution:
Given @ = log(x* + y* + z?%)
= 7% 792 g
Vp = Iax‘|"jay+ kaz

= (mma) i () R ()

x4 yie 22
2

=T
r2

= —— (xi+ yj+ zk) =

x4 yi4 22

Example: 2.3 Find V(r),V G),\T(lug r) wherer = [Fland ¥ = xi +yJ+ z k.

Solution:
Given = xi +yj+ zk

2l =r= fx2+ y2+ 22

=»rf=x*+ y*+ 2*

ar ar ar
Zra—zx. 2r 5—2}’. 21‘"5—22
ar_x  a_y o _z
dx ~ r vy r dz T
. ~dr  Ldr = ar
(1) Vir) = IE+}5+ k—z

=i(xi'+ v+ z§]=%F



.. 1 *ﬂ{l L3 =
fll]ﬁ'(;)= e a" + k

=T (R R)5+ FE)x

= iz[.l:'!+ vi+ zk}——i

=

(i) V(logr) = L7 2280

=
=1}
=

I
B o B
=s|-lL = I=

=

= | E.‘ll

X
P'2

=$(x?+ v+ zE] = % r

Example: 2.4 Prove that V(") = nr" % r
Solution:

Given F = xi +yj+ zk

~ar® o Lar™ - art
n _—
'i-'(r]—: +-’ay+kaz

- ar . — dr = ar

= n—1 n—1 n-1
= tnr' =+ nr I?“y+ k nr -
=nri-1 [i‘(f) +j(1') +k (5)]
¥ r r
nri—-1

= [x1+y;+zk)—r1r" 2y

¥ L e re

Example: 2.5 Find |Vo| if ¢ = 2xz* — x’yat (2,-2,-1)
Solution:

Given ¢ = 2xz* — x%y

z dg _

do _ 5. 4 de _
Now — = 2z 2xy, 3y = X 5= 8xz*

AVe=1(22%— 2xy) + J(—x2) + k(8xz?)
Fr {? fﬂ}(zr_zl_-l} = 10?_ 4;'_ ].Ek

|Vl = V100 + 16 + 256 = V372



Directional Derivative (D.D) of a scalar point function

The derivative of a point function (scalar or vector) in a particular direction is called its directional
derivative along the direction.

The directional derivative of a scalar function ¢ in a given direction d is the rate of change of ¢ in

that direction. It is given by the component of Ve in the direction of a.
The directional derivative of a scalar point function in the direction of d is given by
pp= Y24
la]

The maximum directional derivative is|Vg| or |grad ¢|.
Problems based on Directional Derivative
Example: 2.6 Find the directional derivative of @ = 4xz” + x%yz at (1,—2, 1) in the direction of 2i —
j- 2k.
Solution:

Given @ = 4xz? + x?yz

_ %0, 799, joe

Vip = I3x+‘;ﬂy+kﬂz

=1(2xyz+4z*) + j(x%z) + k (x%y + 8xz)
W {? fﬁ'}{i,—z.—‘l} = BF_}_ IGE

Givend = 2 — J— 2k

lAl=+Va+1+4=3
_ Vg d
D. D= Il

= (8i—j - 10k)- &=

- §(1£.+1+20}=3—;



Example: 2.7 Find the directional derivative of @ (x,y,z) = xy* + yz? at the point P(2,—1, 1) in the
direction of PQ where Q is the point (3,1,3)
Solution:
Given ¢ = xy? + yz?
-dg L dg

Vo = !E-HE

+ k2

=T+ J(2xy+ 29+ k Byz?)
~(Ve@g-1, n=1-3]- 3k
Givend = PQ = 0Q — OP

= (3i+ j+ 3k)— (20— j+ k)

=1+ 27+ 2k
al=Vvi+4+4=3

ldl

(i-37-3K) - (i+ 2]+ 2K)
3

1 11
= (-6-6=-=

Example: 2.8 In what direction from (—1, 1, 2) is the directional derivative of ¢ = xy* 2z a
maximum? Find also the magnitude of this maximum.
Solution:

Given ¢ = xy? z?

— e 70, g
Vip = 1o, i }.+k

=T1(y2z) + J(2xyz¥) + k (3xy*z%)
e {? fﬂ}(_lr 1, ) = E?_ 16_;_ IEE

The maximum directional derivative occurs in the direction of Vo = 81— 16] — 12k.

. The magnitude of this maximum directional derivative

V@] = V64 + 256 + 144 = 464



Example: 2.9 Find the directional derivative of the scalar function ¢ = xyz in the direction of the
outer normal to the surface z = xy at the point(3,1, 3).
Solution:

Given ¢ = xyz

'i-'qcv—:— 7 w+k

dz

=T (yz) + J(xz) + k (xy)

e (? fﬂ}(gl 1, 3} — 3f+gj'+ 3k
Givensurfaceisz = xy =2z—xy=10

V=1 ax+;ax+ kX -

=T(=y)+ j(=x) + k(1)

LEIE =5 FX(gll ) == _F_ 3j.+ E
S El= VITOFI= Vil
D.D= 2%
|

_ (31+97+3K) - (—i- 3j+ K)

Vil
- _( 3—-27+3)= ——

v11

Example: 2.10 Find the directional derivative of @ = xy + yz + zx at (1,2, 0) in the direction of [ +

27+ 2k. Find also its maximum value.
Solution:

Given g = xy + yz+ zx

=i(y+z)+ J(x+2)+ E[}r+x]
e {?qﬂ}(i. 2, 0 = 2f+j.+3k
Givena = 1+ 2j+ 2k

3= V1+4+4=3
Vg -d
||

D.D=

( 2T+ j+3K) - (T+ 2]+ 2K)
3

_1 _ I
= 3[2+2+|I5}— :

Maximum value is [Vgp| = v4+1+9 = v14




Unit normal vector to the surface

If (x, v, z) be a scalar function, then ¢(x, v, z) = ¢ represents a surface and the unit normal vector to the

Vg

surface ¢ is given by 7fi= el

Normal Derivative = |Vip|

Problems based on unit normal vector
Example: 2.11 Find the unit normal to the surface x> + y* = z at the point (1,-2,5).
Solution:

Givengp = x*+ y*—z

=720+ J(2y) + k (-1)
2 (V@la-2 5= 20—4] - k
Vpl= vVa+16+1= 21

. . Vg 2A-4j-k
Unit normal i= — =
V| VI1

Example: 2.12 Find the unit normal to the surface x* + xy + y* + xyz at the point (1, -2, 1).
Solution:

Giveng = x* +xy+ y* + xyz

Sdp | Ldp = dg

Vg = !34‘}34- kE

=i(2x+y+yz)+ j(x+ 2y +xz)+ E(xy]
e {? fﬂ}{il_zl 1) = _2?_ 2_?_ ZE
IVpl=Vi+4+4=+12=2V3

Vg  —2i-2j-2k

Unit normal i= — = —
IVl 23

=;—%(T+I+E}



Example: 2.13 Find the normal derivative to the surface x2y + xz? at the point (—1,1,1).
Solution:

Given @ = x%y + xz?

=Ti(2xy+ 29+ J(xH+ k (2xz)
“(Ve)eq, 1, = -1+ -2k
Normal derivative [Vp| = VI + 1+ 4= 6

Example: 2.14 What is the greatest rate of increase of ¢ = xyz” at the point (1,0,3).
Solution:
Given @ = xyz?

p2e

=T(yvz)+ J(xz?) + I (2xyz)
e {? fﬂ}(il 0, 3 = ﬂf+ g;+ [IE
~ Greatest rate of increase |Vp| = V9Z =9

Angle between the surfaces

Vipy -Vipyg
[Vepy [IVepz]

cos B =

Angle between the surfaces

Vg -Vipg
[Vepy [IWepz]

cos B =

—1 Vi Vips

= 0 = cos
Vg 11V



Example: 2.15 Find the angle between the surfaces z = x* + y2 — 3 and x2 + y* + z% = 9 at the
point (2,—1,2).
Solution:

Givengp = x?+ y*—z-3

vtpl "a¢'1 +;3'P1+ kaﬁh

=i@2x)+ ] (2) + k(-1)
“(Veda-1, 2= 4—2]—k
Vo, = VIe + 4+ 1= 21

o o =3
Vo, = Iﬂ+JI w+ kE— m

=1(2x)+ j(2y) + k(22)
S (V@da-1, 2= H— 2]+ 4k
Vg, = Ve +4+ 16 = V36=6

. Ve, -V
The angle between the surfaces is cos 8 = AL A

[Vepy | IWepz|
(41-2]-k) (41-2]#4k)

VZL(6)
_ 16+4-4
VZ1(6)
1 8
T Jzi6) | 3yEd



Example: 2.16 Find the angle between the normals to the surfaces x* = yz at the point
(1,1,1) and (2,4,1).
Solution:

Giveng = x% — yz

_ 29,239, B
Vp = Iﬂx+’rﬂy+ kaz

=7(2x) + j(=2) + k (—=y)

-

a(Veda, 1, n= 27—k
Vol = VE+1+1=+6
(Ve 4 =4 —J— 4k
IVg,| = V16 + 1+ 16 = /33

. Vepy ¥
The angle between the surfaces is cos 6 = LR

[Ty | 1Tzl

_ [21-]-FK) (41-]-4k)
- \H'E\l'ﬁ
B+1+4

V6433
13 13

:?2(3]:?11(3} - 3422

4 [ 13
= = cos! [—_]
372




Example: 2.17 Find the angle between the surfaces x log z = y2 — 1 and x%y = 2 — z at the point
(1,1,1).
Solution:

Giveng, = y2—xlogz— 1

= 7201 4 7991 00
?q}l—lax+;ay+kaz

=i(-logz)+ j(2y) + k (—S)
(V@) 1, = 0T+ ZF—E

Vgl = VOTd+1= 5

~dps | S0Pz = dp
Vo, = 12224 ;002 4 22
Pz ax 4 ay az

=7 (2xy)+ J(x3) + k(1)
(Ve 1, p=20+]+k
Vgl = VE+ 1+ 1= V6

. Vi, v
The angle between the surfaces is cos § = ——1 2

[Vepa | [Vepa
_ (oi+2j-K) - (20+]+k)
- \"E'.I'E

0+2 -1
V30
1

V30

401
= A= cos! ,—_]
V30

Problems based on orthogonal surfaces
Two surfaces are orthogonal if Vg, - Vo, =0
Example: 2.18 Find a and b such that the surfaces ax? — byz = (a + 2)x and
4x%y + z* = 4 cut orthogonally at (1,-1,2).
Solution:
Given ax? — byz = (a + 2)x
Letp, = ax®— byz— (a+ 2)x

Sap g =g
Vo, =1—=+]—2+ k—
1 ax 4 ay dz



=7(2ax — (a+2)) + J(—bz) + k (—by)
A (V-1 = lla—2)+7(=2b) + k(b)
Letg, = 4x’y+ z3 — 4

_ 7202 200y | [0
'i-'tpz—lax+Jay+kaz

=7 (8xy) + J (4x?) + k (32%)
w (V@)1 2= —Bi+4] +12k
Since the two surfaces are orthogonal if Vepy - Ve, =0
= (ila—2)+j (=2b) + k(b)) - (—8i +4j + 12k ) =0
= —8(a—2)— 8b+12b =10
= —Ba+16—8b+12b=10
= —Ba+16+4b=10
~byd= —2a+4+b=0

=2a-b—-4=0 .. (1)

To find a and b we need another equation in a and b.
The point (1,—1,2) liesin ax? — byz— (a+2)x =10
ca—-b(-1)(2)- (a+2)(1)=0
=2a+2b—a—-2=0
=2b—-2=10
=2h=1
Substitute b = 1 in (1) we get

=2a—1—-4=0
=2a—-5=0

5
=0 = -
2



Exercise: 2.1

1. Find Vg if p = %]ag{xz + y*+ z%) .ﬂ‘lma::rl2
2. Find the directional derivative of
(i) @ = 2xy + z?2 at the point (1,—1,3) in the direction 7+ 2j + 2k . Ans: 1—:
(i) @ = xy?+ yz? at the point (2,—1, 1) in the direction of PQ where Q is the point
(3.1,3) . Ans: ==
3. Prove that the directional derivative of p = x3*y2z at (1,2, 3)is maximum along the

direction 97 + 3] + k. Also, find the maximum directional derivative. ~ Ans: 4/91

4. Find the unit tangent vector to the curve 7= (£2 + 1)7+ (4t —3)7 + (2t — 65)k at

t=1. Ans: i+2_£—k
VB
5. Find a unit normal to the following surfaces at the specified points.
(i) x2y + 2xz = 4 at (2,—2,3) Ans: + 2 (i - 2] - 2k)
- 1 -+ - =
(i) x* +y* =zat(1,-2,5) Anszﬁ(zl—w—k}
- 1 - - =
() xy3z2 =4 at (-1,-1,2) Ans: s (-7—-37+k)

(iv)x2+y2 =zat(1,1,2) Ans: % [2? +2]— E}



