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Define function of class A.

Solution : A function which s scctionally continuous over any finite
interval and is of exponential order is known as a [unction of class A.

4 Important Result

(1) L] = % adisrets
H-l
(2 L") = e where n = 0, 1, 2, ...
iy
n 'n+1 ; )
@) L] = — where n is not a integer.
5
(4) L{em] = s—l-a where s >aors—a > (
R I -
(5) Lle ]_:c-i-a where s +a > 0
(6) Llsmat] = za > where s > 0
FF+a
(7Y Llcos at] = 3 : 5 where 5 > ()
F+a
(8) L[sinh at] = 2 2 = where s > |a | or 5 > a*
(9) Licosh af] = -~ where s* >4’
- at

(10) Liaf () £ bg ()] = a L [f()] £b L[g ()] [Lincarity property]

)
N : xﬂ i I_
ote (1) e |.1 L§+
2
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@ e®=p=5=40

m

(3} F!I'H"l =a!
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@) Thgqg = [l eNix
0

(5) Tas1 = nT,

(6 Ty = Vr
ax
& Gnbrde = — [a sin bx — b cos bx]
@ Je™sin i
ax
(8) [e™cosbrdx = = [a cos bx + b sin bx]

©) sin®6 = ;[3sin6 — sin36)

(10) cos*0 = 7 [c0s36 + 3 cos 6]

(1) sin A cos B = %[sin(A+B)+sin(A—B)]
(12) cos A sin B = 2 [sin (A + B) —sin (A - B)]
(13) cos A cos B = %[ms(A-i—B)ﬂ-cos(A—B)]
(14) sin A sin B = ——;-{cos(A+B)—cos(A—Bl)]

5.2 TRANSFORMS OF ELEMENTARY FUNCTIONS -
BASIC PROPERTIES

(Result (1) : Prove that L[1] = % where s >|D
Proof : We know that Lf(©)] = [ e S'f () dt
0
Here f(t) = 1
© ot ®
w1 = fedt = -
0 0

— _% [0 — 1] by note (2)

=%,s>0
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n!

Result (2) : Prove that L [{"] = [n = 0,1, 2, ..]
s

Proof : We know that

o
Lr®ml = fe™'froa
0
-] oo —st
L["} =fe™t"a = [,mglE
0 0 =3
—st = o0 —5t
= M (e_s]:l - f . nt" ldf
0 0
= 0~-0)+2 [ty
S o
ie, L[] = -EL[:“‘]]
Similarly L{"~Y) = 2Ly n-2
§
e N

------------------------------------

------------------------------------

<] -t - 2

L[tn] ...:_'_’."“1"__%.1.1___{’_!_'_1
s 5 s s s s s

r!
= ;ETT where [ = 0, 1, 2, ..}

I,
Result (3) Prove that Lit"] = = Hl where n is not a integer.
s

8

Proof : We know that Lf@®] = f e f@)yar

=]

o0
"l = f e ™' "at
0
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Put st = x as t=+0 =>x-0
sdt = dx as [+ @ > x> o
=?C_x {ndf
o s s

o
—— I“
g X
= {e S“Hdt
1 }‘!x,.
= e *dx
s“'no
2 ‘n rn+l ..wxn -
1.e-,1-[]”§,—.ﬁ‘_ [.{.e dr = Tyl

when n is a positive integer.
weget [y = n!
n!
Lfe] - L=y
fl. PROBLEMS BASED ON TRANSFORMS OF ELEMENTARY
FUNCTIONS - BASIC PROPERTIES
Example 1 Find L[t}

Solution : L") = 2L [we know that]

3n+1
1! 1
‘ - setetettte SR e
L = 7 = %

Example 2 Find L[]
ni

Solution : We know that L [("] =

s"ﬂ
! 6
L =2 -5

Example 3 Find L{Vi]

__ r

Solution : We know that L{"} = —=1
5

Livi] = LY ,,":: :
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1

3
= [ Thsq = nT,; Ty =vr]
_Tw V&

2.5"5 2532

4. Find L [t1)

Solution :

T
We know that L{f"] = -2
[ ] sn+1
3
] - Tyep _ 20
.s‘:"é +1 555
3 3\ (1
3t [3) (5
Sﬁ .5'9i
% 5
= ['.' Fw-.: ﬁ-]
Ay
_3Vm
4.5'ss
Example 5.2.5. Find L [-:—T-]
A - n rn+1
Solution : We know that L[r'] = =

1

by

L[t' ] _ s

—1/2%1
_Tw
s
v .
» _% = \/fj [ Ty = V]

Result 4. Prove that L [e*'] = ;%; where s > a,

Proof : We know that

Lror = bfe"“f(f)df
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e gt = fe~(s—a)tdt

el

§—a

I
— ot%—3
] |
%) A
]
8| &
S’
| IS GRS |
=
I

= —:-1—[0 -1 = —L_ Ghere s—a>0
s—a s—a

Example 6. Find the value L [em]
Solution : We know that
1
L at o
L] = —
1

5F=3

Example 7 Find L [e**5]
Solution :

WKT L[ = oy

L[e3l+S] - L[€3t 25]
5
e ST M - LS | e
e’ L [e7] € [.v—B] =

at
Example 8 Find L ["?}

Solution : WXK.T L =

Example 9 Find L [2Y]

wKT. LM =
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Result 5. Prove that L [e ®'] =

=t o (s+a)>0
Proof : WK.T. LIf ()] = [ e S f@)at
0
o
L[e—'al] e f e"st e_atd‘
0
- Te—(s+a)tdt
0
P S Y Rt
T —(s+a) 5 s+a : 0
1
T T s+4a (3= 1
= s+a'thre (s+a) >0
Example 10. Find L [e™™}
S —~aty _ __1
Solution : W.K.T L[e 7] e
—bl _ 1
He ™1 =755
Example 11. Find L [2 e Y
. ~at; _ 1
Solution : W.K.T. Lfe '] = o
L[2e 3 = 2L[e™?

1

?[7] -

2
+ 3

(Result 6. Prove that L [sin at] = ;_z_f___i (s > 0) me,;_
a

e b (x)dx

eax

= ——— [a sinbx — b cos bx}
a2+b2[ ‘

Proof : WKT. L[f(©)] = [ e S'f()dt I
0
[+ -]
L [sinat] = [ e S'sinatadt
e

e St
= T—z[—ssinat—acosat]
s"+a

o0

by Note 7.
0
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= O—[—(:EL] = 2—a—zwhere.s' > 0.
s +a
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Example 5.2.12. Find L [sin 2t]

Solution : W.K.T L[sin at] = 5 L 3
a +a
. 2
sin 2%} =
H ! 52 + 22
_ 2
2+ 4
Example 5.2.13. Find L [sin 7 t]
a
Solution : WK.T Lfsinat] = ——
H I 52 + az
T

sin 7 ¢} —
L 52 ¥ 7t

2

(Result : 7. Prove that L[cos at] = ——f_——- s >0 )
' s a?

8

Proof : W.K.T. L@ = e f®at
0

St cos at di

e
0
= [ 2[—scosat+asmar]]

0

Licos at] =

Example 5.2.14. Find L [cos 2t]

s 7

32+a?

~ Solution : W.K.T. L[cos af] =

)
s2+a

Llcos 2f] =
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Example 15 Prove that L [cos at] =—5-i'—2 and L [sin at] =_i__a__2_
s"+a s +a

Solution : By Euler’s thcorem

ix

e = cosx +isinx
e = cosat +isinat
L[] = L[cosat +isinat)

= Lfcos at] + i L{sin at]

Llcos atf] + i L[sin at] = L[eiat]

1
5 —ia

_ 1 s +ia
s —ia s +ia

5 +ia

s2 +a:z2

-

Equating real & Imaginary parts we get

5
cos af] = ———=
U ] 2 +a?
Lisin af] = —2%—
2+ at

Example 16 Find L [cos (at + b)]
Solution : Lfcos (af + b)) |
' = L|cosat cos b — sin at sin b}

= cosb L [cos at} - sin b L [sin at]

s o a
= cosb —sing
[32 + az] [sz + az]

scosb —asinkb
sz-l-az

"Example 17 Find L [sin® 24

Solution : Lfsin®2] = L [1—1%3#“—‘] s SLIL — cos 4]
1 )
=3 [L [1] — L [cos 44]]
_1 [l _ ._3___]
215 s2+16
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Example

Solution :

Result 8. Prove that L[sinh af] =
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18 Find L [sin 5tcos 2]

Lsin St cos2] = >L[sin7 + sin31] by Note 11.

7
2+ 49

=

L
2

3
+
.s'z +9]

19 Find L[(sint — cos t)zl

Li(sint — cost)?] = L[sin>¢ + cos>t — 2 sin ¢ cos (]

L [1-sin2¢f] = L[1] - L[sin 2]

Proof : sinhat =

Lisinhaf] =

Result 9. Prove that L [coshat] =

Proof :

cosh at

at

1

2

s
2

LT

L[cosh at]

1

5

2

s +4

—at

2 2

§ —a

LI - ™) = 3 [Le®) - L[]

2

A

S —a

§

3 eat +e—at

1 s+a—-s+a
2 sz_az'

a

3

s> |a|

§

——52_a2,5>|a|

where s > | a |

1y cat -aty _ 1 at it
2L[e +e ] = 2I:I.[e |+Lle ]]

1
2

N

1

s

_— 5> |a|
o

S N sta+s—a
2| $-dt

|
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Result 11, Prove that L (' ()] = s L [F())} = F(0)

Proot : WKT. Lf ()] = [ e™f ()t

=

L@l = fe ™ f @

=

e d[f ()]

0 e

=¢ f {I]]: —Efl:.!]{-.i'}e_“d!‘

-

[0=f(0)] +s { e Mf (ar

= =f{0) +sLI[f ()]
= s L [f{)] =1

Result 12, Prove that L [f' ()] = L [f(5] = sf(0) — ' (0)

Proof : WEKT. L[f ()] = Te‘“ £ () de
0

LI 0] e"Ef T ()

I
S ey B

fe™alf @)
L)

= e 0], [7 0@
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o }e-{iq-“:'tf{l}d-l'
Ly

i

= _re_{i+a'}:f{l}d-l'
Ly

= {5 + a)

. PROBLEMS BASED ON FIRST SHIFTING THECREM AND
SECONMD SHIFTING THECRERM

Example Find L [t ¢ %"
Solution : L[i"e @] = [L 2" :'] 5 (5 4 u)

I
s &~ {8 + a)

_ e |
5 + ::r]"+1
Example Find L [e ™ cos bt]
: —al —— 2 -
Solution Lie cos i) [L [cos t’flls - (3 + 8)
_ 5
A z
£+bd| & + )
¥+ a

s + ::)2 + B2
Example Find L [e™ sinh bt]
Solution : L[e®' sinh k] = [L [sinh b.:]]

£ -+ (% —a}

D el
LSE_bZ E-Ea_a:l {E_E}E_bi

Example Find L [e‘ t‘“]

Solution : L [El rmlﬁ] = :L [l’_&]] 5 e — 1)

i} E:_&:_l] _ [.Dz]
- 15+ 1 5% )
£ -5 — 1] > 5= (s =1])

_ -.-'E] B [11,1"5]
Vs &=+ [& = 1) ¥ ds - (5—1)

VA
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Lif@] = —p' ()
Corollary - If LIf ()] = o(s) then LE"E ()] = (~1)"¢" (s).
Proof : WET. LEf()] = —w' (5)
LIEF (] = Lr.tf ()]

LIErrririonz
WWW.SNSgroups.com

d
~LEF ()]

d | =d
£fzhd

2
{ulf%ﬂif{fﬂ

LIEf@Ol = (- 1]“ 4 =@ = (-1)" ¢" ()

PROBLEMS BASED ON TRANSFORMS OF DERIVATIVES

Example 1. Find L [tsin2t]
Solution : WEKT. L[I"f()]= (-1)" " (5)

ds 1% 4 4

(E+4t| (et

Example 2. Find L [ e}

LesinZ) = —[L(sin2)] = —i[f ]

Solution : WKT LI"f(1)] = (- 1}" ~p (5]

utzc-:m] . z ncr2 Ll —3:] _ :1 [E_jﬁ]

1]

_.:_:!_ =1 e 2
s s+ 32 (+3)°
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e, L Em}] = [ pl)ds

PROBLEMS BASED ON INTEGRALS OF TRANSFORM

Example 3 . Find L {1 :"]
Solution : L{%f{:}] = T-? ($)ds = }'L{,r'{!'}]d's

s

1

IL[I—s]d.r _l' [ ﬁ]ds

[log s — log (s 1:.]:’ - [Itlgs = 1}

g

I 5 _ 1 z
['“5: (i- 1;:}]‘ = {1“5 1= 1st

= ﬂ—ll:rg—L log (‘iilw

Example g Find L {”i“ “] [AU., March 1996]

Solution : L [-}f(:}] T (L] es

" -

LFI:‘—M} = ?L[sina!]:ﬁ‘ = ?32 c

Il
=]
1
|
-
B |
™
i ey
2
I
T
B
=1
it
L]
e
" o8

=
=2
)
i
.9
B8 TR e
T
[} Il Il
& o] T
= =] 1
—_— —
g ra]H B
=] =
i | !
= ;- —
T o |
L '_II_ T
{ ——|
PReet A IO
= |-
L] LS
 IAEERRE
= =



SNS COLLEGE OF ENGINEERING
Kurumbapalayam (Po), Coimbatore — 641 107
AN AUTONOMOUS INSTITUTION
Accredited by NAAC — UGC with ‘A’ Grade
Approved by AICTE, New Delhi & Affiliated to Anna University, Chennai

WWW.SNSgroups.com

PROBLEMS BASED ON INITIAL VALUE AND FINAL VALUE

THEOREM
Example 54.1. If L [f(t)] = { s+a) ﬁnd Lt f{t} and Lt f(t)
=0
Solution : Lt f () = Lts.F(s)
§+m
TR T ey
s_,,:.rr(s-l-u} _E_,tmx+a = =0
1
Lef() = LtsF{) = Lt s
t+ @ : s+ © s+0 S0 +a)
piady o
cagfta &

Example 2. Verify the initial and final value theorem for the function
ft) = 1+e ' (sint+ cost)
Solution : Initizl value theorem states that

lim f(t) = lim sF{5)

i+ E+m

Lf(0) = F6) = >+ Lsint + 08t ag

e nibig o s+:
For+)P+1 (s+1P+1
o o
oL+l

limf{fy =1+1=2

L=kl

RHS = lm s [14-—-*—“5%“]
gem |F F+1)°+1

LHS

2

14 3!:1;1:3 14+ ‘Tl{l'l';)
g =k 00 {15"1‘1} +1 5-w 33{1,',%4_%}
¥

ik
= lim ]+"-"2'—-E-'
A b

£
LHS. = RHS.

Initial valie theorem verified,

=141 =2
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TRANSFORM OF PERIODIC FUNCTIONS
Define periodic function and state its Laplace transform formula.

# Def. Pericdic

A function [ (x} is said to be "periodic’ if and only if f(x +p) =f{x) i
true for some value of p and every value of x. The smallest positive value of
p for which this equation is true for every value of x will be called the period
of the [unction.

The Laplace Transformation of a periodic function () with period p

1 R oy
1_E_P;£e Fityde

given by
Proof : LIf()] = {F“_f{:}:ﬂ

= Te'“f{rldr +T e S (r) de
0 P

Pul t = u+p in the second integral

i, =t=p t=p =u—=0
Le, du = dt [+ = y»@
P =
= [ e fd+ [ PR f(u + p)au
[ 0

= .’ie*"‘f(f‘uﬂ +¢& 7 ?f““ﬂul du [ f(u+p)=Fl
a 0

e " f@dt+e P [ e f(0dt [ uis a dummy variable]
L]

=Rt =

LIf (0] = ?frﬂfﬁiiﬂ" + e P L)
o

[L=e""FL[f{O)] = ri'ﬂ_“j'ﬂj dt

i

i1 R gy
I—E_EP{E —

rm =
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Example 2 Find the Laplace Transform of

I, 0<t<a

ft) = 2a=t, a<t<2awith f(t+2a)="r(t)

2
Solution : L/ (1)) = 1_2” [ f)a
0

2
+((2a=1)

A
)l




