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Solenoidal vector

A vector F is said to be solenoidal if div F=0 (i.e)V.E =0

Curl of a vector function

If F(x,y,z) is a differentiable vector point function defines at each point (x,y,z) in some region of

space, then the curl of F is defined by

: 7 OX
QulF=VvxF=|2 2 2
dx dy 9z
Ky, B I

_p(B_®m\_(m_R\, &
_l(ay az) l(ax 82)+k
Where F = Fyi + F] + F3k

Note: V x F Is a vector point function.

Irrotational vector

A vector is said to be irrotational if Curl F = 0 (i.e) Vx F=0

Scalar potential

If F is an irrotational vector, then there exists a scalar function @ such that F = Vip. Such a scalar

function is called scalar potential of F.



Problems based on Divergence and Curl of a vector

Example: 2.21 If ¥ = xi + yJ + zk then find div  and curlf

Solution:
Givent = xT+ yj +zk

Nowdivr=V -7

—2 @+ @) +5 @)

=14+141=3
Andcurl 7=V %1
ok
Vxr=|2 2 3@
dx dy dz
x y z

= F(%[Z]— %(}'))— f(;—x(z}— %(ﬂ).,. k (%(}')— :_y[x})
= 1(0) + j(0) + k(0) = 0.

Example: 2.22 If F = xy%i + 2x%yzj — 3yz’k find V.F andV x F at the point (1.-1, 1).

Solution:
Given F = xy%7 + 2x2yzj — 3yz%k

N F=2(xv?) + 2 (222 D (—3yz2
(1) V.F aI{xy )+ 3y (2xyz) +ﬂz[ 3yz<)

=yi+2x%z — 6yz
V.Fi-1=1+2+6 =9
: 7 P
(i) VxTt-= % % %

xy? 2xlyz 3yz?

[(3(-3yz*) d[zxzyz]]__. [3(-3yz*)  a(xy?)
dy dz J |  dx dz

= 1(—3z—2x%y)—J(0) + E{cl‘xyz — 2xy)

dx dy

]—E [d{zx“_',.rz] . f.l[xyzj]

-4

Vx E[l.—l.l} = r[—3 + 2] + E(_'q' + 2]

=—T- 2k



Example: 223 HF=(x— y 2 x 2)i +(x z— x y + y 2)] +(*+ x )k, then find V- F ,V(V-F),V x F,

V- (Vx F),and V x (V x F) at the point (1,1,1).
Solution:
Given F = (x*= y* 42 x 20 H( x z— x y +vz)) +H(Z*+ x )k

Sv. P22 9 _ B2, 2
() v-F ﬂx{x ¥ +2xz}+af{xz xy+}-z}+ﬂz[z + x9)

= (2x+2z)+ (—x+z2)+ 2z

=x+5=z
2V Fyyp =6
i i k
(i) VX F= = :—y -

x?—y24+2xz xz— xy+yz z¥f+2x?
S[d(z2+x?)  dpm-xyevz)]  S[0(224x?)  #(xP-y +2xz) = Td(xz—xy+yz)  ax®
dy iz % dz ax

= —(x+y)r—(2x—-2x)7 +(y + 2k

—y%+2xz)
dy

s~V x E[i.i,l] = —Zr + ZE

T ) -2 okl
(1) V(V - F) |ax{x+52] +]ﬂy(x+52)+kaz{x+52]

— 7+ 5k

AV(V-F)gay = [ + 5k

[iv}'i-’~{'i’><ﬁ)=%{—{x+y}}+a—i{ﬂ}+;—z(}'+ﬂ
=—1+0+1
V- (VxF)n=0
i 7k
W Ux@xH=| 2 ;—F 3
—(x+y) 0 y+z

WX (VxF)uy=1+k



Example: 2.24 Find div F and curl ﬁ, where F = grad(x’+y' +2'—3xyz)

Solution:
Given F= grad(x* +y* +z°—3xyz)

= Tﬂ%(xg+y3+zg—3xyz}+fa%[x3+y3+zg—3xyz}+ﬂi[x3+y3+zg—3xyz}

F=1(3x%— 3yz) + ](3y* — 3xz) + k(322 — 3xy)
ivF=V-F=2(3x2— 9 (392 — B (352 —
Now divF=V-F = re (3x 3yz) + a}r[By Ixz) + r= (3z 3xy)

= bx + by + b6z
=6(x+y+z)
T i K
F= F= a2 L] L]
Curl F=V x F = % =

3x2 —3yz 3y? —3xz 3z?-3xy
=1[-3x + 3x] — J[-3y + 3y] + k [-3z + 3z]

=0

Example: 2.25 Find div(grad ¢) and curl(grad ¢) at (1,1,1) for ¢ = xZy3z*
Solution:
Given ¢ = x%y?z*
grado=Vo=T7-+jo-+k-
=1(2xy%z*) +j(x%3y%zY) + E(xzﬁcl-zg}
Div{grad @) =V - (grad ¢)
d

_a 3.4y, @ o35 3 4 2.,34.3
ax(2xyz]+ay{x 3yz]+az{xy4z}

=2y?z* oty +12x7y 7

~Divigrad o) n=2+6+12=20
T 7 k
d d d
Curligrad ) = = 3y =
2xyizt  x%3ylzt xPyP4s?

=T(12x2%y2z% — 12x2y2z%) — T (Bxy?z? — Bxy z?)+k(6xy?z* — 6xy2z*)
=0

~Curl gmdtp“ 11" 0



Vector Identities
1) V-(pF)=o(V-F) + F- Vg
2) Vx (0F)=0(VxF)+ (Vo)x F
3) V-(AXxB)=B-(VxA)—A-(VxB)
4) Vx (AxB)=A(V-B)-B(V-A)+(B-V)A— (A-V)B
5) V(A-B)= Ax (VxB)—(A-V)B+Bx (VxA) —(B-VA
6) V-(Vp)=0
7) V-(VxF)=0
8) Vx (VxF)=v(V-F) -V

¥ 2 2
9) V-Vo=(V-V)p = V2p where V= i+%+ fj,, is a laplacian operator

1) If ¢ is a scalar point function, F is a vector point function, then V. (¢ ﬁ] = tp[\'.l"- [-‘j +F -V

Proof:

=¢(£f-g+ﬁg +I=‘~(zr;-‘j)
.~,‘i'-{tpﬁ}=(p(‘i’-ﬁ}+ 1_-'-:~'i"t|:t

2) If ¢p is a scalar point fuction, F is a vector point function, thenV x (¢ ﬁ] = q}[\'n" b4 ﬁ} + (Vep)x F
Proof:
Vx (0F)=ETx (o F)
Tix ol + FY]
Six (2F+ o)
~(Zi%) xF+o[Lix 2]

ZUx (pF)=Vox F+ (VX F)



3HIf Kandﬁarevectorpoint functions.thenv-(xx §)=§-(Vxx) —K-(Vxﬁ)
Proof:
V.AxB)=3i s (AxB)
57 (Ax B4 By E
=21 (Axax+01xB)
51 (AxB) + 37 (BB
=31 (Axox)+21 oxxB)
o (5ix ). F 4 (Tix ) F
(Zix22)-A+(Tix22).B
=—(VxB).A+(VxA)-B
~V-(AxB)=B-(VxA)—A-(VxB) [+ (vxA)-B=B-(VxA)]

4)If A and B are vector point functions, then
Vx(AxB)= A(V-B)-B(V-A)+(B-V)A-(A-V)B
Proof:

Vx(AXB)= Z?x‘%(ﬁxﬁ)

Weknow thatd x (b x €)= (@ - &)b— (
vx AxB) L[ B2~ (i-2)8]+x2[( L) -G -B)
(20 D)A- (2 2)B+32(E ) 2-3E)E

(20 2)A- (- 2)B+ (8- i) A~ (R-2i2)B

»Vx (AxB)= A(V-B)-B(V-A)+(B-V)A— (A-V)B



(6) If ¢p is a scalar point function, then V x (V) = 0.

(or)
Prove that curl(grad @) = 0
Solution:
- *ﬂw P
Vi = +j 3y Ptk o
i 7 K
2 a2 32
Vx Vo= |5 3y 3z
o9 0 29
dx dy oz
_ e
E la}'az dzdy.
=Yyi(0)=0
Prove that div(cm‘! F":} = 0.
Solution:
Let F = Fii+ Foj + F3k
i 7k
V x ﬁ:: ji ji jl
dx dy dz
Fy F; F;
[(m_ ar _ 3R\, T (3 _on
- ay  az ax az) +k (ﬂx a;r)

v-(vxF)=(i+

_ a2 Fy
T Axdy

=0

a2 ]
dxdz

+_:ay+k )

SN YA

ﬂ“F_;

G- %)

dydx

dz dx dz
atF atE
dzdx dzdy



= (V- Vg= Ve

NV - (V)
Proof:
_ 790, 200 pie
'i-'q:-—lﬂx+_:ﬂy+kaz
V- (Vo) = 2 (%9) 42 (20), 2 (%
“ V- (Vo) = ﬂx(ﬂx +a}'(ﬂy * az(az
20 3¢ 2%
T oaxt Ayt Azl
g gzt 8, @
Vv 'i-'—'i-'—ﬂxz+ a:u2+ 253

32

32 32
V-9 = (Gat 5t am) 0= Vo

Example: 2.26 Find (i) V - 7 (i) V x 7

Solution:
Let

r=xi+ yj+

g
HV- 7= (r%+;%+ ko) (xi+yj+ zk)

(iHV x 7=

d d
3y () + E(Z)

a
I (x) +

1+1+1=3

k
d

az
z

] ;"‘"|m ~4
<~

=0+ () + k(0)= 0



Example: 2.28 If is a constant vector and is the position vector of any point, prove that
V- (@xr)=0(i)V x(axr) =2a

Solution:
LetF=xi+ yj+ zk

-

&I:ﬂl ?+ ﬂz;"‘ ﬂgk

x y =z
ilazz — azy) — jlayz — azx) + E[ﬂl}"_ a;x)

. - - a d d
MV-(axr)= a{azz — azy) + 5[‘%2 + azx) + E(al}' — ayx)

=0+0+0=0
i j k
. 4 A a 2 a
(MV x(axr)= = ¥ e
QZ — A3y —QqZ+dzx @y — dzx

‘= 1(ay + ay) — j(—a; — az) + E(ﬂz + as)

= 2a,0+ 2a,] + 2a:k

= 2(ﬂlr+ ﬂzj.'l‘ ﬂg-i_(:) = 2&

Example: 2.29 Prove that curl(f(r)r) = 0

Solution:
Let f(r)r = f{r][x I+ v+ zE]
= xf(r)i+ yf(r)j + zf(r)k

—

: H K
v x (F(r)#) = % % %
xf(r) yf(r) zf(r)
=X IZI'(r} §—;— yf'(r) =
=27 [z (2) - yr) (9)]
=21 [?f'(r] - %f'(r)]
= Y7(0)
07+ 0j+0k=10



Example: 2.30 Prove that curl[¢ V] = 0

(or)
Prove that V x [¢ Vo] =
Solution:
[_'F Ll
a ﬂz
j(058) +k(0E
= i(v3 )+ ( 29) + & (922
i 7k
ad a a
V x {'-’F-'F(ﬂ] ax 5 %
dg @ 3_'.‘(2'
dx ay dz
- Ef[%(fp%)— (03]

= Y1(0)
=07+ 0j+0k=0



